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Homoclinic tangencies and hyperbolicity 
for surface diffeomorphisms 

By Enrique R. Pujals and Martin Sambarino* 
Abstract 

We prove here that in the complement of the closure of the hyperbolic 
surface diffeomorphisms, the ones exhibiting a homoclinic tangency are C 1 
dense. This represents a step towards the global understanding of dynamics of 
surface diffeomorphisms. 

1. Introduction 

A long-time goal in the theory of dynamical systems is to describe the 
dynamics of "big sets" (generic or residual, dense, etc.) in the space of all 
dynamical systems. It was thought in the sixties that this could be realized by 
the stable ones, say on compact smooth manifolds without boundary M: the 
set of the structurally stable dynamical systems would form an open and dense 
subset of all dynamics, endowed with the C r topology, for some r > 1, where 
a system is said to be structurally stable if all nearby ones are conjugate to it 
through a homeomorphism of the ambient manifold. Nevertheless, examples 
by Smale [SI] and others showed that this was in fact impossible: there are 
open sets in the space of diffeomorphisms formed by systems which are not 
structurally stable. In fact, even fi-stable systems are not dense ([AS]). Here 
Q, stands for the nonwandering set of the dynamics and S7-stability for stability 
restricted to the nonwandering set. 

The important case of surface diffeomorphisms was not included in such 
counter-examples. By the end of the sixties, even fi-stable diffeomorphisms 
on surfaces were shown not to be dense in the C r topology with r > 2 (the 
case r = 1 is still an open problem). This has been done through very original 
examples of Newhouse (see [Nl], [N2], [N3]). In fact, he proved that the un- 
folding of a homoclinic tangency leads to very rich dynamics: residual subsets 
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of open sets of diffeomorphisms whose elements display infinitely many sinks. 
In subsequent decades, other fundamental dynamic prototypes were found in 
this context, namely the so-called Henon-like strange attractor ([BC], [MV]), 
and even infinitely many coexisting ones [C]. Even before these last results, 
Palis ([PT], [PI]) was already conjecturing that the presence of a homoclinic 
bifurcation (homoclinic tangency in the case of surfaces) is a very common 
phenomenon in the complement of the closure of the fi-stable ones (or hyper- 
bolic ones). In fact, if the conjecture is proved to be true, then homoclinic 
bifurcation would certainly play a central role in the global understanding of 
the space of dynamics, for it would imply that each of these bifurcation phe- 
nomena is dense in the complement of the closure of the fi-stable ones. More 
precisely, the conjecture is: 

Conjecture (Palis). Every f € Diff r (M),r > 1, can be C r - approximated 
by a diffeomorphism exhibiting a homoclinic bifurcation or by one which is 
(essentially) hyperbolic. 

Here, hyperbolic means a diffeomorphism such that its limit set is hy- 
perbolic, and essentially hyperbolic refers to a diffeomorphism having finitely 
many hyperbolic attractors whose basin of attraction covers a set of total 
probability (Lebesgue). When M is a surface we can replace, in the above 
conjecture, the term "homoclinic bifurcation" by "homoclinic tangency." The 
aim of this work is to prove this conjecture in case M is a surface and r = 1. 

Theorem A. Let M 2 be a two dimensional compact manifold and let 
f e Diff^M 2 ). Then, f can be C 1 - approximated by a diffeomorphism exhibiting 
a homoclinic tangency or by an Axiom A diffeomorphism. 

We recall that the stable and unstable sets 

W s (p, f) = {yeM: dist(/™ (y), f n (p)) - as n - oo}, 

W n (p, f) = {yeM: dist(/ n (v), f n (p)) -Oas^-»} 

are C r -injectively immersed submanifolds when p is a hyperbolic periodic point 
of /. A point of intersection of these manifolds is called a homoclinic point. We 
say that a diffeomorphism exhibits a homoclinic tangency if for some hyperbolic 
periodic point of it, the manifolds defined above are tangent at some point. 

Also, a set A is called hyperbolic for / if it is compact, /-invariant and the 
tangent bundle T\M can be decomposed as T^M = E s © E n invariant under 
Df and there exist C > and < A < 1 such that 

\\DfJ Es{x) \\<C\ n 

and 

\\Df^ {x) \\<C\ n 
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for all x G A and for every positive integer n. Moreover, a diffeomorphism 
is called Axiom A, if the nonwandering set is hyperbolic and if it is the clo- 
sure of the periodic points. For the nice dynamic properties of an Axiom A 
diffeomorphism we refer to [B] and [Sh]. 

Let us discuss some consequences of Theorem A. In his improved version 
of a result by Birkhoff, Smale [S2] showed that in the presence of a transversal 
homoclinic orbit (the stable and unstable manifolds meet transversally at some 
point) there exist very rich and highly developed forms of recurrence (i.e. non- 
trivial hyperbolic sets). Thus, a natural question is if such a phenomenon is 
common or abundant in the complement of the closure of the "simple" systems, 
i.e. Morse- Smale systems, defined precisely by having a "simple" nonwandering 
set, formed by only finitely many orbits, all of them periodic and hyperbolic 
and having all their stable and unstable manifolds transverse to each other. 
Moreover, it is well known that Morse-Smale diffeomorphisms always have zero 
entropy, but it is not known whether a diffeomorphism having zero entropy can 
be approximated by a Morse-Smale one. Indeed, it is an old question whether 
the set of diffeomorphisms having zero entropy is contained in the closure of 
the Morse-Smale ones. We can give a positive answer to the first question and 
a partial one to the last one for surface diffeomorphisms in the C 1 topology: 

COROLLARY. Let M-S be the set of Morse-Smale diffeomorphisms, and 
denote by Cl(M-S) its closure and consider U = Diff^M 2 ) - Cl(M-S). Then, 
there exists an open and dense set 7Z inU such that every f G 1Z has a transver- 
sal homoclinic orbit. In particular, the closure of the interior of the set formed 
by the diffeomorphisms having zero entropy, is equal to Cl(M-S). 

This corollary follows immediately from Theorem A. In fact, since the set 
of diffeomorphisms having a transversal homoclinic orbit is open and dense 
in the set of those having homoclinic orbits, we only have to prove that in 
the complement of the closure of the Morse-Smale dynamical systems, there 
exists a dense subset exhibiting a homoclinic orbit. In other words, if a dif- 
feomorphism / cannot be approximated by a Morse-Smale one, then it can be 
approximated by one having a homoclinic orbit. Thus, assume that / is not 
approximated by a Morse-Smale diffeomorphism. By Theorem A, such a dif- 
feomorphism can be approximated by one having a homoclinic tangency (and 
the result holds) or by an Axiom A one. Then, if / is approximated by Axiom 
A diffeomorphisms, and since no one of these is approximated by Morse-Smale 
ones, they must have homoclinic orbits. The second part of the corollary fol- 
lows from the fact that a diffeomorphism having a transversal homoclinic orbit 
always has nonzero entropy. 

Concerning the proof of Theorem A, we will show that if a diffeomorphism 
/ cannot be approximated by a diffeomorphism having a homoclinic tangency, 
then it can be approximated by an Axiom A one. This will be done in two 
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steps: first, using arguments developed by Mane in the proof of the stability- 
conjecture [Ml], we will show that it is possible to find a continuous splitting 
with certain special properties on "almost" the whole nonwandering set of g, 
for g in some dense open subset of a neighborhood of /. Secondly, we will find 
g near / having this continuous splitting hyperbolic. 

Let us be more precise. An /-invariant set A is said to have a dominated 
splitting if we can decompose its tangent bundle in two invariant subbundles 
T\M = E © F, such that there exist C > and < A < 1 with the following 
property: 

P^(x)IIII^//fV(x))H ^ CA "' fOT all x G A,n > 0. 
If / cannot be approximated by a diffeomorphism having a homoclinic tan- 
gency, we will prove that the angle between the stable and unstable subspaces 
of every hyperbolic periodic point for every g near / is bounded away from 
zero, and this implies the existence of a dominated splitting on the nonwan- 
dering set of g. Unfortunately, we cannot expect to proceed with the same 
arguments as in the proof of the stability conjecture, which consists in show- 
ing that, if the decomposition is not hyperbolic, we can perturb the map to find 
a nonhyperbolic periodic point. This is a contradiction because in a neighbor- 
hood of a stable diffeomorphism all periodic points are hyperbolic. In our case, 
dominated splitting can coexist with nonhyperbolic periodic points, and we do 
not know whether in a neighborhood of / there is or is not a dense subset of 
diffeomorphisms having a nonhyperbolic periodic point. Thus, we shall pur- 
sue a different argument: we will find g near / with a certain property which 
implies that the dominated splitting is hyperbolic. Surprisingly, this "special" 
property turns out to be smoothness (together with other well-known generic 
properties). In fact, inspired by a result of Mane in one dimensional dynamics 
[M2], we have the following theorem: 

Theorem B. Let f be a C 2 - diffeomorphism on a compact surface, A a 
compact f -invariant set having a dominated splitting T/^M = E © F. Assume 
that all the periodic points in A are hyperbolic of saddle type. Then A = A1UA2, 
where Ai is hyperbolic and A2 consists of a finite union of periodic simple closed 
curves C±, . . . C n , normally hyperbolic and such that f mi : d — > C{ is conjugated 
to an irrational rotation (mj denotes the period of Ci). 

We observe that a weaker version of Theorem B appeared in [A]. However, 
not only certain parts of the proof are unclear to us, but also it is not useful in 
our context. For this reason, we had to improve considerably the arguments 
in [M2], in order to work in the two dimensional case. We also want to point 
out that Mane orally announced in the late eighties that he and Araujo had 
proved Palis's conjecture in the C 1 topology. Nevertheless, this has never been 
shown and our paper aims to provide a proof of it. 
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The proof of Theorem A is presented in Section 2 if we assume Theorem B. 
We then show that Theorem B is true in Section 3. 

Acknowledgments. This is the second author's thesis at IMPA under the 
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2. Proof of Theorem A 

As mentioned in the introduction, let M be a smooth compact surface 
endowed with some Riemannian metric and let Diff 1 (M) be the set of C 1 dif- 
feomorphisms of M endowed with the C 1 uniform topology. In this section, 
we shall prove Theorem A assuming that Theorem B is true. So, for any 
/ G Diff 1 (M) we shall show that either / can be approximated by a diffeomor- 
phism exhibiting a homoclinic tangency or by an Axiom A one. 

Let E, F be two subspaces of R 2 , M 2 = E © F. The angle(£, F) is defined 
as the norm of the operator L : E — > E 1 - such that 

F = graph(L) = {u + Lu : u <G E}. 

For / E Diff 1 (M), denote by Per^(/) the set of hyperbolic periodic points 
of saddle type of /. Moreover, let E*(f), E£(f) be the stable and unstable 
subspaces of a hyperbolic periodic point of /. 

Lemma 2.0.1. Let f G Diff 1 (M) and assume that there exist 7 > and 
a neighborhood U(f) of f such that for every g G U(f) and every p G Per^fj?), 

angle(^( 5 ),££( 5 )) > 7 

holds. Then, the closure Cl(Per/j(/)) has a dominated splitting. 

The proof will be given in subsection 2.1. 

For / G Diff^M), denote by P (f) the set of sinks of / and by F (f) the 
set of sources. Let Q(f) be the nonwandering set and define 

n (/) = n(/)-(Po(/)uF (/)). 

Notice that fio(/) is compact. 

Let U be the complement of the closure of the diffeomorphisms exhibiting 
a homoclinic tangency, i.e., 

U = Diff 1 (M) - Cl({/ G Diff 1 (M) : / exhibits a homoclinic tangency}). 

Now, we have: 
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Lemma 2.0.2. There exists U\ C U which is open and dense in 14 such 
that, for every g €lA\, ^lo(g) has a dominated splitting. 

The proof will be given in subsection 2.2. 

Now, we can conclude the proof of Theorem A. Let / € Diff 1 (M) be 
any cliff eomorphism. We must show that it can be C 1 -approximated by a 
diffeomorphism exhibiting a homoclinic tangency or by one which is Axiom 
A. Let us assume that / cannot be C 1 -approximated by a diffeomorphism 
exhibiting a homoclinic tangency. Then f €.14. We can take a C 2 Kupka-Smale 
diffeomorphism g (i.e., each periodic point is hyperbolic and all stable and 
unstable manifolds are in general position) arbitrarily close to / and such that 
g € IA\ (such diffeomorphisms form a residual subset of Diff r (M), for all r > 1 
[K], [S3]). Thus, by the previous lemma, fio(<?) has a dominated splitting. 
Moreover, the periodic points of g in Q,q (g) are hyperbolic of saddle type. 

By Theorem B, Q,o(g) is the union of a hyperbolic set and a finite union 
of normally hyperbolic periodic curves conjugated to an irrational rotation. 
Since the existence of such curves is not generic (even in the C 2 topology), and 
14\ is open, we can assume that g does not have such invariant curves. 

Thus, O.o(g) is hyperbolic. We want to show that 0,(g) is also hyperbolic. 
Since Q(g) = £lo{g) U Po(g) U Fo(g), we only need to show that the set of sinks 
is a finite set and so is the set of sources. 

Assume that #Po(g) = 00. Notice that Cl(Po(<?)) — Po(g) is contained in 
fio(<?) which is hyperbolic. Moreover, there exists a neighborhood U of fio(fl) 
such that the maximal invariant set in this neighborhood is hyperbolic. Since 
Cl(Po(<?)) — Po(g) is contained in fio(<?), we conclude that all the sinks (except, 
perhaps, a finite number of them) are contained in U, a contradiction to the 
hyperbolicity of the maximal invariant subset of U. Thus, #Po(g) is finite. The 
same arguments apply to i*b(ff)- 

We conclude then that 0,(g) is hyperbolic. As g is Kupka-Smale and M has 
dimension two, it is not difficult to see that g is an Axiom A diffeomorphism. 
In fact, since £l(g) is hyperbolic, the limit set L(f) is hyperbolic. By a result of 
Newhouse [N4], the periodic points are dense in L(f) and we can do a spectral 
decomposition of L(f). To prove that £l(f) = L(f) we only have to check the 
no-cycle condition on L(f). Since M has dimension two, a cycle can only be 
formed by basic sets of saddle type (or index one). From the fact that g is a 
Kupka-Smale diffeomorphism we can conclude that all the intersections of this 
cycle are transversal. Finally, the last two assertions imply that the cycle does 
not exist. This completes the proof of Theorem A. 

2.1. Proof of Lemma 2.0.1. First we need the next lemma due to Franks. 
The version we shall use here is slightly more general but the proof in [F] can 
be easily extended to include this statement. 
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Lemma 2.1.1. Let f G Diff (M) and let U(f) be any neighborhood 
of f. Then, there exist e > and Uo(f) C U(f) such that given g G Uo(f), 
a finite set {x±, . . . ,xn}, a neighborhood U of {xi, . . . ,xn} and linear maps 
Li : T Xi M — > T g ( x .^M such that ||Lj — < e for all 1 < i < N, then 

there exists g G U(f) such that g(x) = g(x) if x G {xi, . . . , xn} U M — U and 
D Xi g = Li for alll<i<N. 

Now, let U(f) be a neighborhood as in the statement of Lemma 2.0.1 and 
let e > and Uo(f) be as in the previous lemma. 

We claim that there exists 5 > such that for every p 6 Pevh(g),g G l^o(f ) 
we have either 

\\ p \<(i-sr 

or 

K\>(i + s) n 

where A p and a p are the eigenvalues of Dg n : T p M — > T p M (n is the period of 
p), |A P | < 1 < \a p \. 

Let C = sup{||D(/|| : g G Uo(f)} and consider e' < ^. 

To prove this claim, let us observe first that there exists (3q = Po{s'), < 
0o < 1, such that for every /?', /?" < /?o and for every vector u, u G T X M such 
that angle(ii, u) > 7 then, if we take T : T X M — > T X M satisfying 

T /<M> = (1 - /3')H, T /<t)> = (1 + /3")Id 

we have that 

||r-id||<^. 

Assume that the claim is not true. Then, there exists a sequence 6 m — > 0, 
<7 m G £Yo an d Pm G Per/j(g m ) of period n m such that 

(l- < 5 m ) n " l <|A Pm |<l 

and 

For simplicity, assume that A Pm and a Pm are positive. Take m big enough 

such that 5 m < (3q, and set p = p m , n = n m , g = g m to simplify the notation. 
2. 2. 

Let P' = 1 — Ap and /?" = aft — 1. For every < z < n — 1 define 
Ti : Tgz^M — > T g i^M in such a way that 

r i/£S =(i-/3')id 

and 

2i /J5 ». =(1 + /3")H. 

9 1 (P) 
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Moreover, take two vectors uo,vo € T p M, angle(uo, t>o) < 7, and Pi > and 
define S : T p M -> T p M such that 

5 /<tt0> = (l- / 9 1 )Id, 5 /{ „ o) = (l + /3 1 )Id. 

Observe that, if /3i is small enough, \\S — Id||||To|| < ^. 
Now, for < i < n — 2 define 

Li : T gi{p) M -> T 9 i+i (p)M by Lj = T i+ i o Z?5g*( P ) 

and 

L n _i = S 1 o T o Dg gn -Hpy 

Notice that 

\\Li — Dg g i(pj\\ < e for all i = 0, 1, ... n — 1. 
In fact, for < z < n — 2, 

ll-^i - D 9 g i(p) II = o Dg gi ^ - Dg gi ( p j \\ 

< ||T i+1 -Id||||D^ (p) ||<^C< e 



and 

\\L n -i — Dg gn -i(p)\\ = \\S o T o Dg gn -i(p) — Dg gn -i^\ 
< \\SoT -Id||||D5 9 „-i(p)|| 



< 



^-id||||r || + ||ro-id||)c<| + | = £ . 



Then, by Lemma 2.1.1, there exists g <G U(f) such that p G Per(g) and 
Dg g i{p) = U. Since Dg p = L n _i o • • • o L = S, p G Pei h (g). Moreover E s p (g) = 
(n ), E£(g) = (v ) and so 

a ngle(E s p (g),E«(g)) < 7 , 

a contradiction. This proves our claim. 

For the rest of the proof we follow [M3] . To show the existence of a dom- 
inated splitting on Cl(Per^(/)), it is enough to prove that the decomposition 
in stable and unstable spaces of the periodic points on Per^(/) is a dominated 
splitting, due to the fact that this dominated splitting can be easily extended 
to the closure having the same property. 

Let us prove then, the dominated splitting on Per^(/). Observe that it 
is enough to show the existence of a positive integer mi such that for every 
p <G Per/ l (/) there exists 1 < m < mi such that 



II^IHI^ I' - 



1 

Hp)" ~ 2' 
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Arguing by contradiction, assume that such mi does not exist. Then, we can 
find a sequence p n € Per^(/) satisfying 

for every < m < n. Due to our claim the periods of the periodic points 
p n must be unbounded. Otherwise, if the periods of p n are bounded, we can 
assume (taking a subsequence if necessary) that all have the same period tuq, 
and p n converges to a periodic point p of period at most tjiq. Observe that 
the point could not be hyperbolic, but has two real eigenvalues, one of them 
having modulus different from 1. Moreover, we can assume that E^ n converges 
to an invariant space E p and EJ£ n converges to an invariant space F (which is 
necessarily different from E). Then, for all m > 0, 

1 

Hp) " ~ 2' 

but this is impossible since one eigenvalue is different from 1. Thus, the periods 
of p n are unbounded. 

We can assume without loss of generality that for every p n we have 
A n < (1 — (5) m ™, where m n is the period of p n . Now, take £o > satisfying 
(2eo + £q)C < e, £i > 0, and m such that 

(1 +£!)(!-(*) < 1, 



\\DfT Ev \\\\DfjP r II > 



and 



7 

£\ < z ' — £o 
1 + 7 

(l + £l ) m > 4 + -. 



7 

Since the periods of the periodic points are unbounded, we can choose p n such 
that m n > m. Set p = p n and no = m n . Take v £ Ep and w £ E p with 
||u|| = \\w\\ = 1. Hence 

h\\Df m v\\ < \\Df m w\\. 
Take a linear map L : E^ — » E^ satisfying 

Lv = £\w and ||L|| = £\. 

Define L:E$^>E%by 

L = (l + e 1 r(DfJ° Sp )oLoDf-£°. 



Observe that 



Define 



\L\\ < (l + ei) no (l-5) no ||L|| < £l . 
G = {u + Lu : u £ Ep} 
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and 

G = {u + Lu : u £ Ep} 
and take linear maps P, S from T p M to itself such that 

(Id + P).££ = G, 

and 



S/e* = 



(Id + S).G = ££. 
It is possible to choose these maps satisfying (see Lemma 11.10 of [M3]) 

,, ,, 1 + 7,, „ 1 + 7 

7 7 

and 

,, „ 1 + 7, ~„ 1 + 7 
S < — — -H L < — 1 e l < e . 

7 7 

Finally take linear maps Tj : Tp^M — > Tp^M, < j < no — 1, satisfying 

J/ POp) 

and 

P?7.E U . = 0. 
J/ P(p) 

The norm of Tj can be estimated by 

,, , i 1 + 7 
Tj < '-ei <e . 

7 

With these maps we shall construct a perturbation of Df along the orbit of p. 
Let L = (Id + Ti) o Df o (Id + P) and for 1 < j < n - 2, set 

Lj = (U + T J+1 )oDf 

and 

L no _! = (Id + 5)o(Id + T ) Oj D/. 

It follows that 

ll L i ~ ^/p'(p)H - e ' for - 3 - n o - 1- 

Then, Lemma 2.1.1 implies that there exists g £ U(f) such that p is a periodic 
point of g and Dg gJ{p) = Lj. Therefore ft = angle(£^ m(p) (#), E^ m{p) (g)) > 7. 
We shall show that this is a contradiction. For simplicity, denote P|(/) = 

Observe that Ej(g) = E?(f) because 

D9/E-U) = Lj = (1 + ei)Z>/ /J5 . (/) 

and 

(l + ei)(l-5) < 1. 



SURFACE DIFFEOMORPHISMS 



971 



On the other hand we have 

Dg n °.E»(f) = L no _! o • • • o L .E^(f) = E»(f) 

and 

Hence, p G Per^(g) and 

Now, let us estimate the angle (5 between E^g) and E^(g). Since v G £o(g) 
and iu G E^g), 

ui = Dfl ra « G 



and 

Moreover 
and 



u 2 = Dg m .w€E B m (g). 



Ul = Dr.v + il + e^DT.w 

u 2 = {l + e^D^.w. 
Hence (see Lemma 11.10 of [M3]), 



> 

Therefore 
Thus 



P 



1 + P 



(l + £l n|£/ m H|-PV m i;| 



1 + > (l+£iT 
P ~ 2 



13 ~ (l + ei) m -4 - 7 ' 



a contradiction, completing the proof of the lemma. 

2.2. Proof of Lemma 2.0.2. The following lemma represents the key for 
the relationship between homoclinic tangencies and the angle of the stable and 
unstable subspaces of periodic points. 

Lemma 2.2.1. Let f be any diffeomorphism and fix e > 0. Assume 
that there exists a hyperbolic periodic point p for f with eigenvalues A, ct, 
|A| < 1 < |ct|, I Act I < 1 so that 7 = angle (E*, E^) satisfies 

IctI — 1 e 

7 < \—\ • 

H + 12 

Then, there exist a diffeomorphism g, e-C 1 -close to f having p as a hyperbolic 
periodic point, and a homoclinic tangency associated to p. 
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Proof. Take a very small neighborhood B(p) of p satisfying: 

1. 0(p) n B(p) = {p} (0(p) is the orbit of p). 

2. fi{B(p)) n B{p) = for 1 < \j\ < n where n is the period of p. 

3. exp p : B(0, r) — > B(p) is a diffeomorphism where B(0, r) C T p M is a ball 
of radius r at the origin. 

We shall make a perturbation on T p M and then we compose with the 
exponential map to pass to the manifold. We shall assume that < A < 1 < a, 
the other cases are similar. 

Let us put coordinates on T p M = E p © E p ^. Assume, without loss of 
generality, that E p = {v + "fv : v E E p }. 

Let (j) : M -> M and tp : R -> M be two C°° maps such that 

• < <p < e, \4>'\ < e, (j)(0) = e and (j){x) = for \x\ > 2. 

• < V < 1, W\ < 1,^(0) = 1 and ^i(x) = for |x| > 2. 

Now, for every a consider the map $ a : T p M — > T p M defined by 
$ a (x,y) = (x,y) + (0,a</»(^)V'(^)). 
It is not difficult to see that 

1. <E> a is a diffeomorphism; 

2. <I> a is e-(7 1 -close to the identity; 

3. $ a (0,0) = (0,ae); 

4. $ a = id if \x\ > 2a, \y\ > 2a. 

For simplicity, we shall assume that the stable and unstable subspaces 
of Df p : T p M — > T p M are mapped onto the local stable and unstable mani- 
folds of p under exp p restricted to B(0,r). This may be assumed because the 
stable and unstable manifolds (under exp" 1 ) are C 1 close to the stable and 
unstable subspaces and tangent at the origin, and we shall do the perturbation 
arbitrarily close to the origin. 

Let xi be any point on E p arbitrarily close to the origin, and consider 
(x\,axi) a fundamental domain in E p . Take xo = aXl + Xl as the middle point 
in this fundamental domain, and let a = ( CT *) Zl _ p or < t < 1 consider the 
family § t a ■ T p M -» T p M defined by 

®ta{x,y) = $ ta (x - x ,y). 

Observe that is equal to the identity if \x - x \ > t ^~^ X1 ; \ y \ > &~^ X1 . 
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Now, for t = 1, we have <I> a (xo,0) = (0, ae) and 

(a — \)x\ a — 1 ecr+1 cr + 1 

° £ = 4 6 = —l Xl 2— >1Xl —= 7X °- 

Since angle(£p, E™ ) = 7, that is, is the graph of the map L : — > 
Ep^^Lv = n /v, we conclude that the curve 

{$ a (x,0), Xl < X < CTXi} 

intersects E^. Hence, for some to < 1 we have that the curve 

{4> toa (x,0), Xl < x < <7Xl} 

is tangent to £3. 

Let D = {(x,y) G T p M : |x - x | < ^xi, |y| < ^xi}. Notice that 
$ ta = id outside I? and moreover E£ n D is contained in a fundamental domain 
of Ep (remember that Act < 1). 

Consider the map g : M — > M, g = f, on M — f~ 1 (B(p)) and if x G 
f- 1 {B(p)) define 

#(x) = exp p o$ toa o exp~ 1 (/(x)). 

It is easy to see that <? is a diffeomorphism e-C 1 -close to /, and p is a hyperbolic 
periodic point of g (observe that ^ D). 

To finish the proof of our lemma we only need to verify that the curve 
defined by exp {($t oa (x, 0)), x\ < x < axi} is in W n (p, g) and the curve 
exp p (Ep n D) is in W s (p, g), since we already know that they are tangent. 

• Let y € exp p (Ep n D). Since / n (y) n exp(D) = for every positive n, we 
have that g n (y) = f n {y), and since y G VF s (p, /) we conclude also that 
y G W s (p,#). 

• Let y G exp p {(<I> toa (x, 0)), x\ < x < ax\}. Then the point 

Vi = (exp p ol> toa o exp" 1 ) -1 ^) 

is in W u (p, /). Moreover f~ n {yi) n exp(D) = for all positive n. Thus, 
9~ n (y) = f~ n (Vi), implying y G W n (p,g). 

This completes the proof of the lemma. □ 

Remember that IA is the complement of the closure of the diffeomorphisms 
exhibiting a homoclinic tangency. 

Lemma 2.2.2. Let f GU and assume that f is Kupka-Smale. Then there 
exist a neighborhood U(f) of f and 7 > such that for every g G U(f) and 
every p G Peih(g) 

angle(^,^)> 7 . 
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Proof. Let Ui(f) C U${f) C U be two neighborhoods of / and take 
E\ > such that if g is ei-(7 1 -close to g G then g G Uo(f)- More- 

over, consider ^(Z) and £ > from Lemma 2.1.1 corresponding to U\{f). Let 
C = sup{|| J D 5 || : 5 G^o(/)} and e' < f,. 

Now, arguing by contradiction, assume that there exist sequences 7„ — > 0, 
g n —>f and p„ G Per/^cfo) such that 

angle(^ n ,^J = 7n . 

We can assume, without loss of generality, that g n G X Pn a Pn < 1, and 

7„ = angle (E^, E£J = min{angle(^, : q in the orbit of p n }. 

We shall show the existence of g G ^i(/) and p G Perh(g) so that X p a p < 1 
and such that 

angle(i^), = 7 < T^rf- 

(cr p + 1) 2 

This leads to a contradiction because, by the previous lemma, we can find a 
diffeomorphism in Uo(f) exhibiting a homoclinic tangency. 
So, if for some n, 

(a n - 1) gi 
7n K + 1) 2 ' 

we can conclude the proof (cr n = a Pn , A n = X Pn ) . 

Hence, let us assume that this does not hold. Let m n be the period of 
p n . Since / is Kupka-Smale we have m n — > oo. Consider S n = ^y- and for 
< i < m n — 1 consider Tj : T gl ^ Pn ^ — > T gl ^ pn ^ such that 



and 



T l/£S . = (l-<5 n )Id 

9?j (Pn) 



T, /£U = (l + <5 n )Id. 



It is not difficult to see that ||Tj — Id|| < e'. Now, for < i < m n — 2 consider 

Li : T ^(Pn) T gi +1 (p n y L i = T *+l ° D 9n{g n {Pn)) 

and L mn _i = T o D •g n (g n ^ n ~ 1 \Pn)) ■ Now, we have ||L; - D g n (g l n (p n ))\\ < e. 
Applying Lemma 2.1.1 we conclude the existence of g n G U\(f) such that 
p n G Per(g n ) and Dg n (g n (p n )) = Lj. Hence we have 

p n G Pev h (g n ) , 

In = 7n , 

A ra = (1 — S n ) mn X n , 

and 

= (l+5n) mn <Tn. 
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Thus X n a n < 1 for all n. We shall prove that for n arbitrarily large, 

(a n - 1) ei 



(a n + 1) 2 



> 7n- 



If the sequence a n is unbounded, it follows immediately that we have the 
mentioned property (remember 7 n = j n — > 0). Therefore, assume for some if, 



cr n = (1 + 5 n ) m "a n < K for all n. 



Now 



(c^n - 1) ei ((1 + £ w ) m "q ra - 1) ei ((1 +m w (5 ra )a w - 1) gi 

(a n + 1) 2 ((1 + <5 n ) m "<r n + 1) 2 - ((1 + 5 n )^a n + 1) 2 

(cr„ - 1) ei {m n 5 n a n ) £i 



((1 + <5 n ) m "cr n + 1) 2 ((1 + <5 n ) m "a n + 1) 2 

(m ra (5 ra (7 n ) £j (m ra (5 n ) £j _ £^£l 

- (KT+1) 2 " (K + l) 2 " m "4(K + l) 7ri>7n 
where the last inequality is true if n is big enough. □ 

Let us now prove Lemma 2.0.2. Recall that a map T which for each 
diffeomorphism / : M — > M associates a compact subset r(/) of M is said to 
be lower semicontinuous if for every open set U such that U n ^ 0, there 
exists a neighborhood U{f) such that for every g G we have U r\T(g) ^ 0; 
it is said to be upper semicontinuous if for every compact set K such that 
K n r(/) = 0, there exists a neighborhood U(f) with the property that for 
every g € U(f) we have K n = 0. And it is said to be continuous if it is 
lower and upper semicontinuous. It is well-known that a lower semicontinuous 
map T has a residual set of points of continuity. 

Let us take V as T(g) = C^Per^ (<?)). This map is lower semicontinuous 
since hyperbolic periodic points cannot be destroyed by any arbitrarily small 
perturbation. Thus, there exists a residual set TZ\ in Diff 1 (M) of points of 
continuity of the map T. Moreover, the set of Kupka-Smale diffeomorphisms 
forms a residual set IZ2, and there exists another residual IZ3 such that for every 
g £ IZ3 we have ft (5) = Cl(Per(») (see [Pul] and [Pu2]). Let K = TZ 1 mZ 2 mi 3 
which is also a residual set, and let TZq = IZnU be a residual subset of U where 

U = Diff 1 (M) - Cl({/ G Diff 1 (M) : / exhibits a homoclinic tangency}). 

Recall also that for any diffeomorphism g we have defined 

n (g) = n(g)-(P (g)UF (g)) 
where Po(g) is the set of sinks of g, and Fo(g) the set of sources. 
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Now, taking / £ IZo, we have 

1. = Cl(Per(/)), 

2. Per(/) = Po(/)UPer ft (/)UFo(/), 

3. / is a continuity point of the map g — > C^Per^ (</)). 

We claim that Clo(f) = Cl(Per/ l (/)), for which we need the following result 
due to Pliss: 

Theorem 2.1 ([PI]). Let f be a C 1 diffeomorphism and assume that 
#Po(f) = oo. Then, given e there exist ge-C l -close to f and p £ Po(f) such 
that p is a nonhyperbolic periodic point of g. 

This is not exactly the statement contained in [PI], but the proof can be 
easily extended to obtain this result. An analogous result for sources holds 
also. 

We remark here that if we have a nonhyperbolic periodic point p of a 
diffeomorphism g, then it is possible to find another diffeomorphism g\ arbi- 
trarily close to g and a point q arbitrarily close to p such that q is a hyperbolic 
periodic point of saddle type of g±. 

To prove our claim, notice that Cl(Per^(/)) C f2o(/)- Thus, we only have 
to show that f2o(/) C Cl(Per^(/)). Arguing by contradiction, assume that 
there exists a point x € Qo(f), and x £ Cl(Per^(/)). Take a neighborhood U of 
Cl(Per/j(/)), such that x ^ C\(U). Since / <G TZq, we conclude that there exists 
a neighborhood U(f) such that for every g £ U{f) we have Cl(Per^(g>)) C U. 
Now, the point x must be accumulated by periodic points of /, and since 
x £ ^o(Z) is n °t a periodic point, we conclude that we have a sequence of 
sinks or sources accumulating on x. We can apply the preceding theorem and 
remark, and we conclude that there exists g arbitrarily close to /, say in U(f), 
and q £ Perh(g) arbitrarily close to x, and so Peih(g) is not contained in U, a 
contradiction. This proves the claim. 

Thus, Lemma 2.0.1 and Lemma 2.2.2 imply that ^o(f) has dominated 
splitting E © F. Take an admissible neighborhood U of ^o(f), that is, there 
exists a neighborhood U{f) such that for every g € U{f), the maximal invariant 
set of g in U also has a dominated splitting. We can assume also U{f) <ZlA. 
Moreover, taking another neighborhood Uq of Oo(/) such that Uo C Cl(C/o) C U, 
we can assume that for every g £ U{f) we have Cl(Per/j(g)) n (M — C/o) = 0, 
since / is a continuity point of the map g — > Cl(Perft(<7)). 

Let us prove that for g £ we have £lo(g) C CA Assume this is not 

true. Then, there exists g £ U{f) such that Q (g) n (M - f7) / 0. Take 
a point x £ O,o(g) n (M — [/). The point x is not periodic and it is in the 
nonwandering set 0,(g). We assert that the point x £ f2o(<?) fl (M — £/) cannot 
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be accumulated by sinks or sources of g. Indeed, if there exists a sequence p n of 
sinks (or sources) p n — > x, applying again the preceding theorem and remark, 
we find a g arbitrarily close to g (say in U(f)), having a hyperbolic periodic 
point of saddle type arbitrarily close to x, contradicting the continuity of the 
map T at /. Now, by the C 1 -closing lemma [Pul] we can find g close to g 
(say in U{f)) having periodic point. Moreover (perturbing a little if 

necessary) we can assume that x is a hyperbolic periodic point of saddle type 
of g. Again, this is a contradiction with the continuity of the map T at /. 
Thus, we have proved that for every g £ U(f),£lo(g) C U and therefore &o(g) 
has a dominated splitting. 
Finally, the set 

Wi = (J 

fen 

is an open and dense subset of U satisfying the thesis of Lemma 2.0.2. 

3. Proof of Theorem B 

Recall from the introduction that A has a dominated splitting T/ A M = 
E © F if there exist C > and < A < 1 such that 

II^/ab^IIII- //^/"^))!! < c * n 

for all x £ A and n > 0. Notice that the splitting must be continuous. We 
shall assume in this section that the constant C above is equal to 1. If this is 
not the case, we can replace / by a power of / : if Theorem B is true for a 
power of / it is also true for /. 

We shall reduce the proof of Theorem B to proving the following theorem. 

Theorem 3.1. Let f e Diff 2 (Af 2 ) and let A be a compact invariant set 
having a dominated splitting Tj^M = E © F. Also the periodic points of f in 
A are hyperbolic of saddle type. Then one of the following statements holds: 

1. A is a hyperbolic set; 

2. There exists a simple closed curve C C A which is invariant under f m for 
some m and is normally hyperbolic. Moreover f" m : C — > C is conjugated 
to an irrational rotation. 

Before proving this last theorem, we show how it implies Theorem B. Let 
us assume that this last theorem is true. Assume that A is a compact invariant 
set having a dominated splitting T/^M = E © F and such that the periodic 
points of / in A are hyperbolic of saddle type. We will show that in this case, 
the number of periodic simple closed curves which are normally hyperbolic and 
conjugated to an irrational rotation contained in A is finite. This will imply 
Theorem B. 



978 



ENRIQUE R. PUJALS AND MARTi'N SAMBARINO 



Arguing by contradiction, assume that there exists an infinite number of 
such curves; that is, there exists a sequence C n of simple closed curves invariant 
under f mn for some m n , normally hyperbolic, and such that f mn : C n — > C n is 
conjugated to an irrational rotation. We can assume, without loss of generality, 
that these curves are normally attractive; i.e., for x G C n , T x C n = F(x). The 
following lemma says that the diameter of these curves is bounded away from 
zero. 

Lemma 3.0.1. There exist rj > such that diam(C„) > rj for all n. 

Proof. Assume that the lemma is false. Then (taking a subsequence if 
necessary) we have 

diam(C„) ^> n 0. 

Take a point x n G C n . Then there exist a subsequence rik such that x nk — > x 
for some point x G A. As diam(C n ) — >„ we conclude that 

meaning that every sequence y nk G C nk converges to the same point x. Since 
the dominated splitting is continuous, this implies that 

F{y nk )^F(x) 

for every sequence y nk G C nk . But, for every rife, there are points y nk ,Zn k G C nk 
such that (trivializing the tangent bundle on a neighborhood of x) F{y nk ) and 
F(z nk ) are orthogonal. This is a contradiction because F(y nk ) — > F(x) and 
F(z nk ) - F(x). □ 

We will get a contradiction of the existence of infinitely many such curves 
having diameters bounded away from zero. The idea is the following: since 
f mn : C n — > C n is conjugated to an irrational rotation, they support only one 
invariant measure; thus the fiber E is contractive. Then the basin of attraction 
of C n has uniform size, and so, as there are infinitely many such curves, we will 
get an intersection of two different basins, which is a contradiction. 

For this purpose we need the following lemma, which also will be used 
several times. 

Lemma 3.0.2. Given a diffeomorphism f andO < 71 < 72 < 1, there exist 
a positive integer N = N^i, 72, /) and c = 0(71, 72, /) > with the following 
property: For x G M, a subspace S C T X M such that for some n > N (with 
S l = Df(S)), 

n 

niiAf/sj<7r\ 

i=0 
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there exist < n\ < n<i < ■ ■ ■ < rii < n such that 
j 

II \\ D f/sM <l2~ nr : r = l,...,l; n r <j <n. 

i=n r 

Moreover, I > cn. 

We shall not prove this lemma because it is an immediate reformulation 
of a result by Pliss [PI] (see also [M4, p. 276]). 

Remember that in the case dimS 1 = 1, we have 

\\Df? s \\ = li\\Df /Si \\. 

i=0 

We remark also that the dependence of N and c on / is only in sup{||-D/||}. 
Modifying a little the constants we shall apply the lemma not only to / but 
also to 

Corollary 3.1. Given < 71 < 72 < 1 and x £ M and a subspace 
S C T X M such that, for some m, 

n 

II HAf/sJ < 7i. foralln>m , 
i=0 

there exists a sequence < n\ < ri2 < • ■ ■ such that 

fl \\Df /Si \\ <l{~ nr \ for all j>n r ,r = 1,2... . 

i=n r 

We shall state the existence of locally invariant manifolds tangent to the 
.©-direction and to the F-direction. For our immediate purpose we do not need 
these manifolds to be of class C 2 , but in the fallowings sections this will play 
a fundamental role. To prove that they are of class C 2 we need the following 
lemma: 

Lemma 3.0.3. Let A be as in the statement of Theorem B. Then there 
exist a constant C > and < a < 1 such that for every x € A and for all 
positive integers n the following hold: 

1- ll^(,)IIP//7(^(x))H 2 <^ B . 

2- P//V)H 2 |l^(>W)H <C7(7n - 

Proof. We shall prove only the first property of the thesis, the second one 
being analogous. First, it is enough to show the existence of a positive integer 
m\ such that for every x € A, there exists 1 < m < mi such that 

\\ D fjE(x)\\\\ D f/F(f^(x))\\ 2 < 2' 
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\\Dfj E{x) \\\\Dfp,„, Jl 2 > 



Now, arguing by contradiction, assume this is not true. Then, for each positive 
integer n there exists x n € A such that 

p/;^)iiii^W(,„))ii 2 >5 

for all < j < n. We can assume, without loss of generality, that x n — ► x for 
some x € A. For this x we get 

1 

'/F(p(x))» -2 
for all positive j. By the dominated splitting, 

P^(x)llll^(/i(x))H<^ 

Then 

Since F is one dimensional, \\ D fJp{p{x)) II = HAZ/j^x) II" 1 and so 1 1 ^ //F(x) II 
< 2A J . Again, by the dominated splitting, 

II^)II<^II^)H<2A 2J . 

On the other hand, by the dominated splitting, angle(£', F) > 7 > for every 
point in A, and so there exists a positive constant K such that 

for all z £ A and for all positive integer n, where the last inequality follows by 
the dominated splitting again. In particular, for every q, 

n n 

Y[\\Df(r(z))\\<l[K\\DfJ Fifqj{z)) \\. 

j=0 j=0 

Take 00, A < gq < 1 and q such that 2K\ q < Then, for the point x, 

n 

H IIAW*"^))!! < K n 2X qn = 2(KX q ) n < g% 

j=0 

for all n > 0. Let g = f q . Thus 

n 

l[\\Dgtf(x))\\ <a% for all n > 0. 

j=0 

Consider < A < go < cri < C2 < 1- Now, by Corollary 3.1, there exists a 
sequence of integers — > 00 such that, for any k and for every positive n, 

n-l 

\\Dg n {g n "{x))\\ < II \\DgW{g n Hx)))\\ <a x n . 

j=0 
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Thus, it can be proved that there exists r\ > 0, independent of k, such that for 
every y,z G B v (g rik (x)) we have dist(g J (y), g 1 (z)) < d2 j, dist(j/, z) for every j. 
Let jo be such that for every j > jo we get a^ 1 < \- Now, take rii and n\ such 
that ri[ — rii > jo and dist^™' (x), <? ni (x)) < ^. When we set r = ri[ — n«, it 
follows that g r {B rj {g ni (x))) C B v (g TH (x)) and also g/Br,{g n ^{x)) ls a contraction. 
Then there is a point p G B v (g ni (x)) which is fixed under <7 r , such that for 
every z G B v (g ni (x)) we have g rn (z) — > p. Since g = f q we conclude that p is 
an attracting fixed point under / <7r . Therefore p is a sink, attracting the point 
z = g ni (x) which is in A. Hence, p G A, which is a contradiction (remember 
that we do not have sinks or repellors in A). □ 

Let I\ = (—1, 1) and I e = (— e,e), and denote by Emb 2 (/i,M) the set of 
C 2 -embeddings of I\ on M. 

Recall by [HPS] that the dominated splitting and the previous lemma 
imply the next: 

Lemma 3.0.4. There exist two continuous functions 4> cs : A — > Emb 2 (Ii, M) 
and <fi cu : A — ► Emb 2 (/i,M) such that, with Wf(x) = <p cs (x)I £ and W™(x) = 
(p cu (x)I £ , the following properties hold: 

a) T x W?{x) = E(x) and T x W^ u {x) = F(x), 

b) for all < £\ < 1 there exists £2 such that 

f{W£(x)) C W£(f(x)) 

and 

f-\W™(x)) C W£{r\x)). 

We shall call the manifold W cs the (local) center stable manifold and W cu 
the (local) center unstable manifold. Observe that property b) means that 
f(W£ s (x)) contains a neighborhood of f(x) in W^ s (f(x)) and f~ 1 {W^ u {x)) 
contains a neighborhood of / _1 (x) in W^ u (f~ 1 (x)). In particular we have: 

Corollary 3.2. Given e, i/iere exists a number 5 with the following 
properties: 

1. If y & W™(x) and dist(ft(x),ft(y)) < 5 for < j < n then ft(y) G 
We" (/ j 0*0) /° r < j < n. 

2. 7/y G W™(x) and dist(/-^'(x), < 6 for < j < n then f~i(y) G 
^"(/^'(x)) for0<j < n. 

An open interval I C M will mean for us an embedded one of the real line 
(or the open unit interval) in M. We denote by £(I) its length. 

Corollary 3.3. Let x G A be such that, for some < 7 < 1, 
\\Dtf E{x) \\<i n , for alln>0. 
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Then, there exists e > such that 

l(r(W™(x))) ^ n 0; 

i.e., the central stable manifold of size e is in fact a stable manifold. 

Proof. Take £± < 1, and take 5 = S(ei) as in the preceding corollary and 
small enough such that, if we define E(z) = T z W^(y) for all z € W^(y), 
y € A, then, 

l|D W < 1+c 

for all z\, Z2 such that dist(zi, z-i) < 5 where (1 + 0)7 = 71 < 1. 

Let e be small enough such that £(W £ s (y)) < S, for all y € A. Now, it is 
not difficult to see that, for all n > 0, 

r(rw))<7im cs w) 

and 

nw £ cs (x)) c w£(r(z)). 

This implies the thesis. □ 

In conclusion, we show how Theorem B follows from Theorem 3.1. Recall 
the assumption that there exists a sequence C n of simple closed curves invariant 
under f mn for some normally contractive m n , such that f mn : C n — > C n is 
conjugated to an irrational rotation. Moreover, we just proved that they have 
a diameter bounded away from zero. 

Let A < 71 < 72 < 1 and c > such that (1 + c)A < 71. Since these curves 
are conjugated to an irrational rotation it is not difficult to see that for every 
C n there exist points x n and k n such that 

\\Df /F(x J < (l + cy, for allj > k n . 

Thus, by the dominated splitting, 

\\Df /E{x J < (1 + c)'V < 7i', for all j > k n 

and so, by Corollary 3.1, there exists j n (we only need one, not a sequence) 
such that, setting y n = / Jn (x n ), we have 

\\Dfj E (yJ <4, foralli>0. 
Now, by Corollary 3.3 there exists e such that, for every n, 

i(P(W c £ s {y n ))) 0. 

Then, since the diameters of the curves are bounded away from zero, we can 
find n\ 7^ ri2 big enough, such that W £ cs (y m ) intersects the orbit of C n2 (re- 
member that F is the tangent direction of C n , for all n). This is a contradiction, 
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because the point of intersection remains in the orbit of C n2 and also is asymp- 
totic to the orbit of C ni . 

Thus, there exist only finitely many periodic simple closed curves normally 
hyperbolic and conjugated to an irrational rotation contained in A. Let A2 be 
the union of such curves. Since these curves are isolated, we conclude that 
Ai = A— A2 is a compact invariant set. Now applying Theorem 3.1 we conclude 
that Ai is a hyperbolic set. Hence Theorem 3.1 implies Theorem B. 

The proof of Theorem 3.1 will be given in the following section. 

3.1. Proof of Theorem 3.1. The first step in the proof is the following 
elementary lemma. The proof is left to the reader. 

Lemma 3.1.1. Let Ao be a compact invariant set having a dominated 
splitting T /Ao M = E © F. If \\Dffa x) \\ -> and \\Dfj£ {x) \\ as n -► 00 for 
every x G Ao then Ao is a hyperbolic set. 

Now, we will prove Theorem 3.1 based on the next lemma. 

Main Lemma. Let Ao be a nontrivial, transitive and compact, invariant 
set having a dominated splitting Tm M = E © F and such that it is not a 
periodic simple closed curve normally hyperbolic C conjugated to an irrational 
rotation. Assume that every properly compact invariant subset of Ao is hyper- 
bolic. Then, Aq is a hyperbolic set. 

The proof of this lemma will be given in subsection 3.7. 

Let us prove how the Main Lemma implies Theorem 3.1. For that, it is 
necessary to show that either 1) or 2) of the statement holds. Assume that 
2) does not hold; that is, there is not a periodic simple closed curve C C A 
normally hyperbolic conjugated to an irrational rotation. 

Then we have to prove that A is a hyperbolic set. Arguing by contradic- 
tion, we assume this is not true. 

Let 

H = {A C A : A is a nonhyperbolic compact invariant set}, 
and we order H by inclusion. 

Let Hr = {A 7 : 7 e T} be a totally ordered chain. Then Aoo = n 7e rA 7 
is a compact invariant set. We claim that A^ is also a nonhyperbolic set. If 
it were hyperbolic, then we could take a small neighborhood U of A^ in such 
a way that every compact invariant set in U would be hyperbolic. By the 
definition of A^, we would have, for some 7 G V, that A 7 is contained in U, 
implying that it is a hyperbolic set, which is a contradiction. 

Now, by Zorn's lemma there exists a nonhyperbolic compact invariant set 
Ao C A such that every properly compact invariant subset is hyperbolic. We 
claim that Ao is a nontrivial transitive set, that is, a transitive set which is not 
a periodic orbit. 
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First of all, since the periodic points in A are hyperbolic, Ao cannot 
be a periodic orbit. Secondly, if for every point x G Ao we have that the 
a-limit set a(x) is properly contained in Ao, then it will be hyperbolic. This 
implies that \\Df7p,s | — > as n — > oo for every point x. In the same way, if 
the w-limit set of any point x G Ao is properly contained in Ao, we conclude 
that ||-D//£;(x)ll ^ as n ^ oo for every point x. But this implies that Ao 
(see Lemma 3.1.1) is hyperbolic which is a contradiction, proving that Ao is a 
transitive set. 

In conclusion, the set Ao satisfies the hypothesis of the Main Lemma 
but as it was defined is not hyperbolic which yields a contradiction. Thus, 
Theorem 3.1 follows from the Main Lemma. 

As we just said, the proof of the Main Lemma will be given in Section 3.7. 
Nevertheless, we give here the basic steps of it: 

1. The central stable manifolds (which are of class C 2 ) have dynamics prop- 
erties. In fact for every x G Ao there exists e(x) such that W^(x) is a 
stable manifold of x, and W^ x Jx) an unstable manifold of x, meaning 
that l{f n {W^ (x) {x))) -> and i{f~ n {W^ x) {x))) - as n - oo. 

2. There exists an open set B in Ao such that, for every x G B, 

n>0 

and 

E/(/- B (W^ x) (x)))<oo. 

n>0 

3. For every point x G Ao, 

\\Df? E(x) \\^0 

and 

P//T ( ,)ll-o 

when n — > oo. 

3.2. A D enjoy property. The aim of this section is to prove that in a 
set with a dominated splitting, there is no wandering (in the future) inter- 
val transversal to the Indirection. We must state some basic properties on 
dominated splitting. First we introduce the notion of cone fields. 

Let A be a compact invariant set having a dominated splitting T/ A M = 
E © F. For < a < 1 we define the cones: 

Ca U (x) = {w G T X M : w = v E + v F , v E G E(x), v F G F[x), \\v E \\ < a\\v F \\} 

and 

Ca s {x) = {w G T X M : w = v E + up, v E G E(x), v F G F(x), \\v F \\ < a\\v E \\}. 
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Lemma 3.2.1. Assume that A is a compact invariant set with a dominated 
splitting T/ A M = E@ F such that 

ll- D //B(x)llll- D //> 1 (/(x))H < A - 
Then, for any < a < 1 and x G A, the following hold: 

Df x .CT(x) C CZ(f(x)), 
Df-\Cl s (x) C CZ(r\x)). 

Conversely, if a compact invariant set A has a continuous decomposition T\M = 
E\ © F\ (not necessarily invariant) and for some < a < 1 it is true that 

Df x .C?{x) C CZ(f(x)) 

and 

Df-\C c a s (x) C CZ{r\x)) , 

then A has a dominated splitting (here the cones are defined relative to the 
decomposition T^M = E\ © F\). 

We shall not prove this lemma because it is similar to the hyperbolic case. 

Now, let A be a compact invariant set having a dominated splitting as in 
Lemma 3.2.1, and take cone fields C™, C£ s (we shall refer to them as the central 
unstable and stable a-cone respectively). Then, there exists an admissible 
neighborhood V a (A); i.e., we can extend these cones to V a (A) having the same 
properties as for A where it make sense. 

Definition 1. An interval / C V a (A) is a-transversal to the E'-direction if 
for every x £ I, we have that T X I is contained in the C^ u (x). We say that it is 
transversal if it is a-transversal for some < a < 1. 

Remark 3.1. Notice that there exists n such that if / is an interval transver- 
sal to the ^-direction and 1(1) < n then there exists another interval Iq 
transversal to the ^-direction, containing / and 1(1®) > n. In the sequel, the 
number 5 > will always be less than n. Moreover, notice that central unstable 
manifolds are always transversal to the indirection. 

From now on, we fix an admissible neighborhood V = V±. Take U another 
neighborhood of A such that U C Cl(U) C V (where CI denotes the closure). 
Denote by Ai = n ne z/"(Cl(£/)) the maximal invariant set in Cl(U) and by 
Af = n n >o/ _ri (Cl(C/)) the set of points which remains in Cl(U) in the future. 
We remark that Ai has a dominated splitting T\ L = E®F since V is admissible. 
Moreover, for every point x 6 Af we have a uniquely determined indirection. 
Let us make the following: 
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Definition 2. We say that an open C 2 interval / in M is a J-S-interval if 
the next two conditions hold: 

1. / CA+ and £(f n (I)) < 5 for all n > 0. 

2. f n (I), n > 0, is always transversal to the ^-direction. 
Furthermore, if the supplementary condition: 

3. There exists 7 > such that for every x & I and n > H-^//^^)!! < 7™ 
is satisfied, we say that / is a (5, 7)-I?-interval. 

In an analogous way we define the <5-F-interval and the (5, 7)-F-interval. 

Lemma 3.2.2. Let < A < 7. Then, there exists 5\ = £1(7) > such 
that if I is a 5-E-interval with 5 < 5\ then, for some m > 0, f m {I) is a 
(5, j)-E-interval. 

Proof. Take 0<A<A <Ai<7<A 2 <A 3 <l such that AA 2 1 < A 
and take c > such that (1 + c)Ai < 7 and (1 — c)A^" 1 > A3 1 . Take now 5± > 
and V^(Ai), with a sufficiently small, such that 



W D f /F(x)\ 



and 

\\Df 



/E(x) I 



\\Df 



> 1-c 



< 1 + c 



/E(y) I 



for every x,y in V a (Ai) with dist(x,y) < <5i, where F is any direction in the 
central unstable a-cone. Let 7 be a J-E'-interval with 5 < 5\. Observe that 
to prove the lemma it is enough to find some m such that f m {I) satisfies the 
third property, because the first two are already satisfied for every m > 0. 

Since I C and the w;-limit set of every point of Af is contained in Ai, 
we conclude that f n (I) C V a (Ai) for all suficiently large n. Moreover, T x f n (I) 
is contained in the central unstable a-cone. Thus, for our purpose, we can 
assume that these facts hold for any n > 0. 

Let F(x) = T x f n (I) for x € f n (I). Since F(x) C C™(x) and a is small, 
it follows that we have the domination property 

\\Df /E(x) \\\\Df-^ f{x J<X. 

Take x E I. We claim that for all arbitrary large n we have < 

A^™. Otherwise, there exists a sequence nt — > 00 such that > A^ nfc . 

Then, for every y € /, 

\\Dfj^j>((i-c)\^r>x^. 
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Taking n/, such that A 3 nk £(I) > 8, we conclude 

e(f nk (i)) > A 3 - n ^(/) >s, 

which is a contradiction because / is a ^--E-interval. Thus, ||.D/^~,^|| < X^ 11 
for every large n. By the domination property we conclude 

\\Df? E{x) \\<(\\?r<>% 

for every large n. By Corollary 3.1 there exists a positive integer m such that 
\\DfV' E tfmr x \\ || < A" for every positive n. Finally, this implies that for every 
y g / m (J) it is true that ^\DfJ E ^ || < 7™ for every positive n. Hence f m {I) is 
a (<5, 7)-£'-interval. □ 

We say that an interval J has a stable property if for every x € J there 
exists a local stable manifold W* (x) of uniform size. We shall call an interval 
I pre-periodic if there exists an interval J with a stable property such that for 
some m > f m (J) C J and for some n > we have /"(/) C U xe jW e s (a;). It 
is not difficult to see that if I is pre-periodic, then uj{x) is a periodic orbit for 
every x E I. For an interval / denote by uj(I) = \J xe iuo{x) the union of the 
w-limit set of the points in /. 

The next result will play a central role. It establish a kind of Denjoy 
theorem. 

Proposition 3.1. There exists 8q such that if I is a S-E-interval with 
6 < So, then one of the following properties holds: 

1. to(I) is a periodic simple closed curve C normally hyperbolic and fjg : C 
— > C (where m is the period of C) is conjugated to an irrational rotation, 

2. to(I) C Per(//y) where Per(f/ V ) is the set of the periodic points of f 
in V . 



Proof. Take 7 = A2 , and A 2 , A 3 ; A < 7 < A2 < A3 < 1. Also, let c > be 
such that (1 + c)A2 < A3. 

Pick 82 > and a small such that if dist(x,y) < 82, x,y G V a (Ai) then 

(l + c)-'<j^[<l + c 

and 

( 1 + C ) < ||n/-l || <1 + C 
11 J /F(y)" 

where F is any direction in the central unstable a-cone. Take <5i = ^1(7) from 
the previous lemma and let 8q < min{(5i, 82}- 
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Let / be a 5- E- interval with 5 < 5q. By the previous lemma, for some 
m > 0, f m (I) is a (5, j)-E -interval. It suffices to prove the proposition for 
f m {I). Thus, we may assume that m = 0; that is, 7 is a (8, 7)-77-interval. 
Moreover, as in the previous lemma, if we set F(x) = T x f n (I), x £ f n (I), the 
domination property can be assumed: 

\\Df /E{x) \\\\Df-} {f[x)) \\<X. 

Take some xq € 7. Then, for every positive n we have ||-D//£;( X0 )|| < l n ■ Take 
the sequence of all integers n^rii — ► oo, such that 

IIA// E(/ n i(:ro)) || <A J 2 forallj>0 

(such a sequence exists by Corollary 3.1). This implies, by the way we choose 
So, that / Wl (7) is a (5, As)-£'-mterval. Take now Iq, I C Jo, a maximal (S, A3)- 
F-interval. It follows that f 1H (Io) is a (<5, A3)-7?-interval for every ri{. Now, for 
i > 1, take 7 nj such that f nt ~ Ui ~ 1 {In l - 1 ) C J nj and 7 nj is a maximal (5, As)-^- 
interval. 

By Corollary 3.3 we have, for every z, that the interval I ni has the stable 
property. Moreover, W£(x) has uniform length for every x € /„. and for every 
i. Furthermore, it can be proved that there exists a constant K such that, if 
the box W E s (I ni ) = U xeIn .W e s (x) is defined, we have ^1(^(7^)) > l{I ni ), 
where K is independent of i (see also §§3.4 and the proof of Lemma 3.7.3). 

Next, assume that there exist rij < rij such that 

w £ s (i ni )nw £ s (r^(i ni ))^m. 

Let m = rij — rii. If £(f km (I ni )) — > as k — > 00, then uj{I ni ) consists of a 
periodic orbit. Indeed, if l{f km {I ni )) -> 0, then £(f k (I ni )) -> as fc ->■ 00. 
Let p be an accumulation point of / fc (7 ra J; that is, f h ^(I ni ) — > p for some 
fej — > 00, and so, f kj+m (I ni ) — > f m {p)- But by the property we are assuming, 
i.e., W £ s (7 n J n W £ s (/^- n '(7 n J) ^ 0, we have /^' +m (7 n J -> p, implying that p 
is a periodic point. Thus, for any x € 7„ t we have that w(x) consists only of 
periodic orbits, and so u(x) is a single periodic orbit p. Since £(f k (I ni )) — > 
we conclude that co(I ni ) is the orbit of the periodic point p. By the way we 
choose 7 ni , we have f ni {I) C 7 ni and so consists of a periodic orbit, as 
the thesis of the proposition requires. 

On the other hand, if £(f km (I ni )) does not go to zero, we take a sequence 
kj such that f kjm (I ni ) -> 7 for some interval 7 C Ai (which is at least C , 
and has F as its tangent direction). Now f^ kj+1 ^ m (I ni ) — > L' and f m (L) = 7'. 
Moreover, by the property we are dealing with, 7 U 7' is an interval (with F 
as its tangent direction). Let 

j= u r m (7). 

n>0 
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We claim that there are only two possibilities: either J is an interval or a 
simple closed curve. To prove this, notice that / nm (L) is a <5--E-interval for 
any n > 0. In particular, for any x G J there exists e(x) such that W°* x ^(x) is 
a stable manifold for x, and so 

W(J) = (J W% x) {x) 

is a neighborhood of J. 

We only have to show that, given x G J, there exists a neighborhood 
U{x) such that U(x) n J is an interval. This implies that J is a simple closed 
curve or an interval. Thus, take x G J, in particular x G f ni ' m (L). Take C/ an 
open interval, x e U C f n i m (L) and let C/(x) be a neighborhood of x such that 
C/(x) C W(J) and U(x)C\L\ a U where L\ is any interval containing f nim (L), 
transversal to the ^-direction and t(L{) < 2Sq (this is always possible if 5q is 
small). Now let y G J H £/ (x). We have to prove that y & U. There is n-2 such 
that y G f n2m (L). Since 

/ nim (L) = lim J / fe ^+ nim (/ ni ), 
/ n2m (L) = hm J / fe ^ +n2m (/ n J 

and both have nonempty intersection with U(x), we conclude that for some 
j, f k j m + n i m (j n J anc i f k i m+n2m (I n .) are linked by a local stable manifold. 
Hence f nim (L) U f n2 ' m (L) is an interval Li transversal to the indirection with 
t-{L\) < 2Sq. Therefore y G U(x) (~1 L\ C J7 as we wish, completing the proof 
that J is an interval or a simple closed curve. 

In case J is an interval, since f m (J) C J, it follows that I ni (and so /) is 
a pre-periodic interval and so, for any x G I, uj(x) is a periodic orbit, which 
completes the proof in this case. On the other hand, if J is a simple closed 
curve, which is of class C 2 because it is normally hyperbolic (attractive), then 
we have two possibilities. If fjj : J — > J has a rational rotation number, then 
we can see that the uj(I ni ) consist of a union of periodic points, and the same 
happens to I. If fjj : J — > J has an irrational rotation number, then it is 
conjugated to an irrational rotation, and denoting C = J, we have that is 
as in the first conclusion of the proposition. 

Thus, we have proved the lemma in case there exist some rii < rij, such 
that W^(I ni ) (~l Wz(f n i~ ni (I ni )) 7^ 0. Now, assume this is not true. We claim 
that 

]>>(/ fc (/ ni )) < oc 

fc>0 

for every i. Let us prove the claim. 
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Due to the fact that / ni_rii - 1 (/ ni _ 1 ) C I ni , 

w £ s (i ni )nw £ s (n- n >(i ni )) = ® 

implies 

W s {f n k -n i{ j ni)) n W s {fnj -n i{lni)) = 

for every > raj, raj > raj and for every z. 

Let us fix some i and prove our claim. For simplicity we assume that 
i = 0. Let iV = iV(7, A2) be as in Lemma 3.0.2, and nij = Uj + \ — rij. Then 
nij < N or ?7ij > AT. 

Assume that nij > N. Then, 

\\ D f/E(ri+i- n {xo))W - 7 " 
for N <n < raj. Otherwise, if for some N <n < nij, 

W D fjE(f n i+i- n (xo))W < 7 ™' 
then there exists some < h < n such that 

^ D ^/E(f nj+1 ~ n (J < A ^ 

for < j < h by Lemma 3.0.2. But since /"(/"^^"(xo)) = f nj+1 (x ) we 
conclude 

1 1 f) f J 1 1 \3 

II ■'/£;(/»i+i- ft (xo)) 11 2 

for all positive j which is a contradiction to the way we chose the sequence raj, 
because nj < nj + i — h < Uj + \. 
Now, if for A^ < ra < nij 

ll^/W^'+i-^o))'' - 7 " 
then, by the domination property, 

for all A^ < ra < raij. Using Lemma 3.0.2 again, we conclude that there exists 
some hj,rij + i — N < hj < rij+i such that 

for < j < hj — nj. By the way we choose <5o we get, for all y £ f n ^(Io), 
\\Df~£^ || < for < j < n,- - rij. But then 

£(/-'■(/**(/(>))) < E XiKH(Io)) < -r^-i(n(h))- 

3=0 j=0 1 " A 3 
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Let K x = sup{||Z?/- n (z)|| : x € M,0 < n < N} and K 2 = -^Ki+NKx. 
Now we get 

J2e(f k (i )) = E E £U k {h)) 

k>0 j rij 

nj+i— 1 

= E E '(/*('<>)) + E E <(/*('<>)) 

j,mj>N rij j,mj<N n } 

< E ( r ^-^(r j+i Uo)) + iv^(r j+i Uo))) 

j,mj>N 3 

+ e NKjir^Vo)) 

j,m,j<N 

< K 2 J2t(f nj (Io)) < KK 2 ^o\(W s e U nj {h))) 

j j 

< KK 2 vo\(M) < oo. 

This proves our claim. In particular, £(f k (I ni )) — > as k — > oo for all i. 
Let us continue with the proof of the proposition. If 

W s e {I nr )C\W s e {I nj )^$ 

for some n r ^ rij then u{I) will be a periodic orbit. In fact, assuming n r < rij, 
using the fact that f n] ~ nr {I nr ) C / Wj and also that £(f h (I ni )) — ► for every i, 
we can see (as we did before) that if p is an accumulation point of the sequence 
{f k (I nr )}k then it will be a periodic point with period rij — n r . Hence, is 
a periodic orbit. 

On the other hand, assume 

w E s (i nr )nw E s (i nj ) = <t> 

for every r, j. This implies in particular that l{I ni ) — ^ as i — > oo. Now, 
using Schwartz's method in the proof of the Denjoy theorem ([Sch]), we get a 
contradiction to the maximality of I ni or for every i, there exists ki such that 

l{f*{I ni )) = 5. 

We claim in the latter, that there exists rij > ni such that ki = rij — rii. This 
implies, in particular, that £(I nj ) = 5 which is a contradiction to the fact that 
£(I ni ) — > as i — > oo. 

So, to finish the proof of the proposition it is sufficient to prove our last 
claim. For this purpose, we only have to show that 

W D f J /E{ri+ k i( X0 ))W ^ A 2 
for every j > 0. Arguing by contradiction, we assume that for some jo > 0, 

\\ D f 3 /E{ri+ k i( X0 ))W > A 2°- 
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This implies, by the domination property, that 
Therefore, for every y € fi°(f ki (I ni )), 



and so 



\\Df-p {y) \\<(\ 2 (i + c)y°<\f 



\\Dfr F( j\>^° 



l/F(y)W ^ ^3 

for every y € f ki (I ni ). Then 

5 > *(/*(/*•(/„,))) > Xs Jo i(f k '(I n J) = Xs j0 S > 5, 

which is a contradiction. This proves our last claim and completes the proof 
of Proposition 3.1. □ 

Corollary 3.4. Assume that there is not a simple closed curve C, which 
is f m -invariant for some m, contained in A. Then there is an admissible 
neighborhood V of A such that any 5-E-interval I, with 5 sufficiently small, 
has lo(I) C Per(//y). 

Proof. Let Vo be any admissible neighborhood of A. Take another neigh- 
borhood U, such that U C Cl(U) C V and let M(U) be the maximal invariant 
set in U. If there is no curve in U as in the statement, then by the previous 
proposition we conclude the proof. If there are such curves, since M(U) has a 
dominated splitting, there can be only a finite number of them (see the begin- 
ning of the proof of Theorem B). Since no one is in A, another neighborhood 
V can be taken in which there is no such curve. This V satisfies the thesis. □ 

Remark 3.2. All the results proved in this section have similar versions for 
5-F-intervals when we replace / by f~ x and E by F; the proofs are analogous. 

3.3. Dynamical properties of W cu , W cs . From now on, we shall assume 
that A is a compact invariant set with a dominated splitting such that there is 
no simple closed curve C C A, / m -invariant for some m, normally hyperbolic 
and conjugated to an irrational rotation. 

Recall, by the previous section, that in this case there exists 5q such that, 
for any <5-.E-interval / with 5 < So, C Per(//y), where V is an appropriate 
admissible neighborhood. We shall assume that 5o < S3 where ^3 is as in the 
following: 

Lemma 3.3.1. There exists 63 > such that if p E A is a periodic point, 
and one component of W u (p) — {p} has length less than 63, then the other 
endpoint of this component is a periodic point which is not hyperbolic of saddle 
type; more than that it is a sink or a nonhyperbolic periodic point. 
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Proof. Let V be an admissible neighborhood of A. Take 5% > such that 

{x : dist(x,A) < <5 3 } C V. 

Let p G A be a periodic point such that one component of W u (p) — {p} (say 
W) has length less than 63. We may assume that p is a fixed point. Then, W 
is invariant and so W C Ai, the maximal invariant subset in V, which has a 
dominated splitting T Al M = E ® F. Since T p W u (p) = F{p) and the splitting 
is continuous, we conclude that T X W = F{x) for any x G W. Hence, is 
an interval transversal to the indirection. Let q be the other endpoint of W. 
Thus, q is a fixed point attracting all the points in W. Therefore, 

\\Df /F{q) \\<l. 

By the domination, 

\\Df /E{q) \\<X<l, 

which concludes the proof of the lemma. □ 

Dynamical properties on the central unstable and stable manifolds are the 
main consequence of the preceding section: 

Lemma 3.3.2. For all e < 5q there exists 7 = 7(e) such that: 

1. f- n (W^ u (x)) C W™(f- n (x)) and f n {W™{x)) C W™(f n (x)) for all 
n > 0. 

2. For every 7 < 7(^0), either £(f~ n (W™(x)) — > or x G VF u (p) /or some 
p G Per (//a) and p G W^ M (x). 27us is i/te same /or central stable mani- 
folds: either £(f n (W° s (x)) — > or x G W s (p) /or some p G Per(// A ) and 
p G W^ s {x). 

In particular for every x G A £/iere exists 7^ such that l(f~ n (W™(x)) — > 0, 
and zs i/ie same /or W cs . 

Proof. We shall prove the lemma only for M^ c " since the other case is 
analogous. 

1) Take some e < 5q. Recall from Corollary 3.2 the existence of S (5 < e) 
such that if y G W£ u {x) and dist(/ _J, (x), / -J '(y)) < 0" for < j < n, then 
/~ J '(n) G VF e c "(/- J '(x)) for < j < n. 

Assume the thesis of the lemma is false. Then there exist sequences 
7„ — > 0, x n G A and m n — > 00 such that, for < j < m n , 

ty-'WZixn))) < s 

and 

e(f- mn (w™(x n ))) = s. 
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Letting /„ = f~ mn (W™(x n )) we can assume (taking a subsequence if 
necessary) that I n — > I and f~ mn {x n ) — > z, 2 G A, z G 7 (the closure of /). 

Now, we have that £(f n (I)) < 5 for all positive n, and since / C W^ u (z), 
we conclude that / is a <5-.E-interval. Thus, lo(z) is a periodic orbit p because 
z G I. Since z G A we conclude that p € A, and therefore p is a hyperbolic 
periodic point. Hence z G W s (p), and, at least, one component of W u (p) — {p} 
has length less than 5. 

In case 

P(^W)nr(p)^ 

we get a contradiction with the inclination lemma (or A-lemma, see [P2]) be- 
cause this intersection is transversal and 

t(f mn (f- mn (w%(x n )))) = e(w%(x n )) - o. 

On the other hand, if 

P(^ynr(p)M 

it follows, for sufficiently large n, that u(f~ m "(x n )) is the other endpoint of 
the component W u (p) — {p} having length less than 5. By the previous lemma, 
it is a sink or a nonhyperbolic periodic point. This is a contradiction to the 
fact that u){f~ mn (x n )) C A, which completes the proof of 1). 

2) Take 7 < 7(^0) from part 1). Assume that there exists a point x G A 
such that £(f- n (W™(x))) does not go to zero. By 1), we have £(f- n (W^ u (x))) 
< So for all n > 0. Since we are assuming that £(f~ n (W^ u (x)) does not 
converge to zero, there exist r\ > and a sequence n& — ► 00 such that 

£{r nk {w?{x)))>i 1 . 

Letting I nk = f~ nk (W^ u (x)) we can assume that I nk — > / and f~ 1lk (x) — > 
zCl,zeA. As we did in 1), we get that J is a ^--©-interval, and so 2 G W s (p), 
for some periodic point p in A. 

If z G int(I), then, since / is transversal to W s (p), it follows, by the 
inclination lemma, that £(W n (p)) < Sq. Hence, as f~ nk {x) — > z, we conclude 
that f~ nk (x) G P^ s (p). Otherwise, since both components of P^ u (p) — {p} have 
length less than 5o, we get that lu(x) is sink or a nonhyperbolic periodic point. 
If z 7^ p, we may assume that the f~ nk (x) are contained in a fundamental 
domain of W s (p). Since — > 00 and the stable manifold does not have self 
intersection, we get a contradiction. Thus, z = p. It follows that f~ nk (x) 
belongs to the local stable manifold of p. If this is not the case, we get that 
uj(x) is a sink or a nonhyperbolic periodic point. But the only way that f~ nk (x) 
belongs to the local stable manifold of p is when x = p. This proves 2) in case 
z G hit (7). 
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Assume, now, that z ^ int(I). Again, the inclination lemma implies that 
one component of W n (p) — {p} has length less than 8q. As in 1), the case 

f- n "(w^(x))nw s (p) = 

leads to a contradiction. So 

niy;(i))nr(j))/i. 

By the inclination lemma, the facts that £(fi(f~ nk (W^ u (x)) < 8o, < j < n&, 
together with f~ Uk (x) — > z imply that x G W u (p). Moreover, x G Wf {p). 
Hence p G W^ n (x), because otherwise, as f~ n (x) — > p and £(/ _n (W™(x))) 
does not converge to zero, we have that / _nfc (W™(x)) (~l W s (p) ^ p for any 
large n&, and in particular we get / C W s (p), a contradiction. This completes 
the proof of 2). □ 

Remark 3.3. Let 7o < 2^1. We may assume that there is coherence be- 
tween Wf"(x), x G W^(p) and W™(p) where p G A is a periodic point, and 
7 < 7o- Furthermore, by the dynamics properties of W^ u (y), where y does 
not belong to the unstable manifold of size 7 of any periodic point in A, it 
is possible to prove the coherence of the local central unstable manifolds; i.e., 
W^ u (x) (~1 W™(y) is a relative open set for both, for any points x,y G A. The 
same applies to the central stable manifolds. 

3.4. Boxes and distortion. Recall that for any < a < 1 we have an 
admissible neighborhood V a = V a (A) where we have defined the central un- 
stable and stable a-cone fields. From now on, we fix V = V± and V a for some 

< a < 1. Remember that an interval I is a-transversal to the ^-direction if 

1 C V a and T X I lies in the central unstable a-cone. In the sequel we will say 
only transversal instead of a-transversal. 

We shall take 7 < 70 < (So from Lemma 3.3.2) so small that, for any 
x G A, W^ u (x) is transversal to the -E-direction, and W^ s (x) is transversal to 
the indirection. 

Furthermore, from now on, we fix < A < Ai < A2 < A3 < 1 and 
c > 0, where A is as in the definition of dominated splitting, Ai = A2, and 
Ai(l + c) < A2, A2(l + c) < A3. We shall take 82 > and assume that a is 
small enough such that 

and 

(i+cr 1 

whenever E (resp. F) lies in the central stable (resp. unstable) a-cone and 
dist(x,y) < 8 2 . 



< 



< 



H P //E(,)I 



< 1 + c 



< 1 + c 
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Definition 3. Let x G A, and let J be an open interval, x G J C W™(x), 
and let T be an open interval, x G T C W e cs (:r). A box Bt{J) for x, is an open 
rectangle centered at x, having J and T as its axes, and having the boundary- 
transversal to the E- and F-direction. 

More precisely 

B T (J) = int(/i([-l,l] 2 )) 
where h : [-1, l] 2 -> M is a homeomorphism, such that 

M{o}x[-i,i]) = J 

and 

h([-l,l]x{0}) = T. 

Moreover, if we define the central stable boundary as 

d cs (B T (J)) = h({-l,l}x[-l,l]), 

we require that the two components (intervals) of it are transversal to the 
^-direction. For the central unstable boundary 

d cu (B T (J))=h([-l,l]x{-l,l}) 

we require transversality to the F-direction. Also, for any y G A, we require 
that W^ u (y) PI d cs {Bx{J)) be a relative open set for both, and the same for 
W^ s (y)nd cu (B T (J)). 

If Bt(J) is a box and x G T' C T, we say that Bj"(J) is a subbox of 
B T (J) if it is a box, B T ,(J) C B r (J) and d cu {B T ,) C d cu (B T (J)). 

Remark 3.4. These 6oxes already exist when J and e are arbitrarily small, 
and the boundary is part of central stable and unstable manifolds of points 
near x. 

Note. In order to simplify the notation, we will write B e (J) instead of 
B T (J), T C W^ s (x). Also, for e' < e, we write B £ ,{J) instead of B T ,(J), T C 
TC\W^(x). 

Moreover, ordering J and W£ s {x) in some way, we denote J + = {y G 
J : y > x}, J~ = {y G J : y < x} and the same for W^ s (x). Also we shall 
denote by B e {J + ) (say the upper part of the box) the connected component 
of B £ {J) — W^Ls which contains J + , and by B £ (J~) (the bottom one) the one 
containing J~. In an analogous way we define the left part of the box (B~(J)) 
and the right one (B+(J)). 

Let B e (J) be a box and y G B £ (J) n A. We define 
J(y) = W™(y)nB £ (J). 

Remark 3.5. Notice that, if the box is small enough, J(y) is always an 
interval, transversal to the £'-direction, whose endpoints are in d cu (B £ (J)). 
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Furthermore, as a consequence of Lemma 3.3.2, given S > 0, if the box is 
small enough, 

i(f- r V(y))) < s 

for any y G B £ (J) n A and n > 0. 

Definition 4. A box B £ (J) has distortion (or cu-distortion) C if for any 
two intervals J\, J2 in B e (J), transversal to the indirection, whose endpoints 
are in d cu {B £ (J)) the following holds: 

C - £(J 2 ) ~ °- 

Remark 3.6. If a box has distortion C, then, for any y, z G B £ (J) n A, 

1 < WW) < r 
C " £(J(y)) " • 

Notice that in order to guarantee distortion C on a box B £ (J), it is suffi- 
cient to find a C 1 foliation close to the E'-direction in the box, such that, for 
any two intervals J\ , J2 (taken as in the definition of distortion) , 

^ < lin'll < c 

holds, where LT = II(Ji, J2) is the projection along the foliation between these 
intervals. 

Consider B £ (J) a box, and take a C 1 -vector field X in B e (J), C°-close to 
the .E-direction (X(x) lies in the central stable 6-cone for b small), and such 
that, for x G d cu {B e (J)), X(x) G T x d cu {B e (J)). Consider the foliation T cs (or 
the flux) generated by this vector field. For any x G B £ (J) let J rcs {x) be the 
leaf passing through x. Notice that there exists C such that 

£ < lin'll < o 

where II = U(Ji, J2) is the projection along this foliation between two intervals 
transversal to the Indirection. 

The following lemma will be useful in the sequel. 

Lemma 3.4.1. Let B £ (J), !F CS : , and C be as above. There exist r and 
a such that if z G B £ (J) n A and for some n > there is a box B(n) = 
B £ (f~ n (J(z))) satisfying 

1. f n (B{n)) C B £ (J) and f n {d cu {B(n)) C d cu {B £ (J)), 

2. f J (B(n)) has diameter less than r, < j < n, 
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3. there exists K such that, for every x E B(n), 

n 
3=0 

(where T^ s (x) denotes the connected component of f~ n (J rcs (f n (x))) 
fl B(n) which contains x), 

then there exists C\ = C\(C,K) such that B(n) has distortion C\. 

Proof. Consider the foliation in B(n) = B(f~ n (J(z))) which is the it- 
eration of the original one under f~ n . Let J™, be any two intervals transver- 
sal to the ^-direction, with endpoints in d cu (B(n)) and let H n = n(J™, J2) 
be the projection along the foliation from J™ to Notice that J\ = / n (Jf ) 
and J2 = /"(Jji 1 ) are also two intervals in B e (J) transversal to the Indirection 
with endpoints in d cu (B e (J)). Let LT = II(Ji, J2) be the projection between 
these two intervals along the foliation T cs . Thus we have 

i < lin'll < a 

The lemma is proved if we show that there exists C\ = C\(C,K) such that 

i<IKII<C. 

For a point x € i = 1, 2 set F(x) = T x p(3f), < j < n. 

By the equality 

n„ o /-» = /-%n 

we conclude, for y G J±, that 
Hence 

\\Df-~ n II 

lK(/-"(y))|| = ",n / f™,l V (y)ll- 

Thus, to finish the proof of the lemma it suffices to find K\ such that 
which is the same, when x = f~ n (y), as 

i 

- Id?" \\ - Kv 

A1 H- ty -'/F(n n ( :r ))ll 
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With the same arguments as in [Sh, pp. 45, 46], it is possible to prove that 
there exist r > and a > such that 

W D f/F(fH Wl ))W ~ - rfD + dist(f(w 1 ),r(w 2 )r 

for some constants < n < 1 and D whenever F lies in the central unstable 
a-cone and dist(/ J (u;i), f J (w2)) < r, < j < n. (This is, roughly speaking, 
a consequence of the fact that the distribution F is a-H61der and any other 
direction converges exponentially fast to F.) 
Therefore, it follows that 

W D fJ F{x) W ( D 



< exp — + J2 dist(^(x), f(n n (x))y 



\\Df n ~ II - ' 1 -n 
Since x and II n (x) belong to J : ^ s (x), we conclude that 

n n 
3=0 j=0 

Thus 

\\ Dr \\ - eM — v + K) - 

!l ^VF(n„(x))H 'I 

Finally, taking K\ = exp(j^ + K), we have that C\ = CK\ satisfies the 
desired property. □ 

If we take the mentioned vector field in B £ (J) close enough to the 
E'-direction we have the following: 

Corollary 3.5. There exists r (< 5 2 ) such that if for some z € B £ (J)nA 
and n > we have 

\\ D f/E(f-»(z))W < A i f° r - j - n 
and B(f~ n {J{z))) is a box satisfying 

a) f n (B{n)) C B £ (J) and f n {d cu {B(n)) C d cu (B £ (J)), 

b) di a m(p(B(f- n (J(z))))) < r, 

then, there exists C\ such that B{f~ n {J{z))) has distortion C\. 

3.5. More dynamical properties on W cu and W cs . In this section we shall 
prove that, if A is transitive and every proper compact invariant subset is 
hyperbolic, the central unstable (stable) manifolds are dynamically defined; 
that is, they are unstable (stable) manifolds. 
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The next lemma is classical in one dimensional dynamics (see for example 
[dMS]) and the proof is left to the reader. However, since the diffeomorphism / 
is of class C 2 , so are the center unstable manifolds, and moreover these center 
unstable manifolds vary continuously in the C 2 topology. It is important to 
remark that there is a uniform Lipschitz constant Kq of log(Df) along these 
manifolds. 

Lemma 3.5.1. There exists K such that for all x G A and J c W™(x), 
for all z,y G J and n > 0: 

\\Df~™ II 

1. < exp^E^ 1 J))); 

2. \\Df-? {x) \\ < eMKo^^f'V)))- 

The next lemma is the main result of this section. Moreover, the proof of 
it will be a model for the proof of the Main Lemma. 

Lemma 3.5.2. Assume that A is transitive and every proper compact 
invariant subset is hyperbolic. Then, either 

£(f- n (W™{x))) -> as n -» oo for all x G A 

or F is expanding (i.e., \\DfTp,A\ — > for all x G A). 

Proof. Notice that, if A is a periodic orbit there is nothing to prove. Thus, 
let us assume that A is not a periodic orbit. 

Now, suppose that, for some x G A, £(f~ n (W^ u (x))) does not go to 
zero. Then, by Lemma 3.3.2, there exists a periodic point p G A having 
one component of W n (p) — {p} with length less than Sq. By Lemma 3.3.1, 
the endpoint of this component different from p is a sink or a nonhyperbolic 
periodic point. 

Since A is transitive (and is not a periodic orbit), there exists xo G A such 
that Xo G W s (p) — p. Hence, there is a small neighborhood U of Xo, such that 
the points of this neighborhood at one side of W £ s (xq) (c W s (p)) (say the 
"upper" one) have their w-limit set as the other endpoint (i.e. different from p) 
of the component of W u (p) — {p} with length less than Sq. 

Let B e (J) be a box for xo, B £ (J) C U . Then, we may assume that 

f n {B £ {J + )) n B £ (J + ) = for all n > 1 

and so 

f- n {B £ {J + )) n B £ {J + ) = for all n > 1. 
We shall assume that B £ (J) is so small that, for any y G B £ ( J) n A and n > 0, 

i(r n (J(y))) < s 



where 5 and e are taken in such a way that 5 + e < r (r from Corollary 3.5). 
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For z e B £ (J) n A, let J+(z) = J(z) n B £ (J+). Then, it follows that 

f- n (J + (z)) n B £ {J + ) = for all n > 1. 

Take £i < § and consider B £l (J) a subbox. We claim that there exists if such 
that 

for any z € B £l (J) PI A. For this, consider a C 1 -foliation in B £ (J) as we did in 
Section 3.4, and let C be the distortion of B £ {J + ) with respect to this foliation. 
Let C\ = C\(C) be as in Corollary 3.5. 

Let z € B £l (J) and consider (if it exists) the sequence of integers = 
mo < m\ < rri2 < ■ ■ ■ < rrij < • ■ ■ such that 

\\ D f 3 /EU -m i{z)) \\ < X 3 2 , < j < mi . 

Now, for every i, take a box B(mi) = B £l (f~ nH (J + (z))) such that f mi (B(mi)) 
C B £ (J) and f mi (d cu (B(mi))) C d cu (B £ {J)). Then, it follows, from Corollary 
3.5, that B(mi) has distortion C\. 

Now, observe that, for i ^ j, B{m,i) n B(mj) = 0. Otherwise, assuming 
mj > m i5 we get /-(™r">.)(j+( z ))nB £ (J) ^ which is a contradiction. Take 
£2 < ij 1 - For any y £ A consider a box -B e2 (VF7 U (y))- The union of these boxes 
covers A and so, since A is compact, we can cover it with a finite union of such 
boxes, say B(yi), . . . ,B(y n ). Thus, f~ mi (z) belongs to one of these boxes, say 
B(yk) (if it belongs to more than one we choose it in an arbitrary way). Let 
J(mi) = B(mi) n W^ u (yk)- Now we have, for i / j, that J(mj) n J(mj) = 
and (if the adapted box B £ (J) is small enough) J(mi) is an interval in B(mi) 
as the definition of distortion requires. 

Since B(mi) has distortion C±, we conclude 

1 l(J(mQ) 
Ci " (J+(*))) " 1- 

Then 

i i k 

Now, we must control the sum between consecutive m' { s. Let N = N(X\, A2) 
from Lemma 3.0.2 and consider K 2 = sup{||D/- J || : 1 < j < N}. There are 
two possibilities: m i+1 — m 8 < N or mj + i — m^ > N. If m i+1 — m 8 < iV, then 

m i+ i-l 

£ WW*))) < NK 2 l(f-<«{J+{z))). 

j=m,i 

On the other hand, if m,i + \ — m^ > N, then 
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Thus, by the dominated splitting, 

\\ D fjF(f-^{z))W - A i for N - i - mi + l ~ mi - 

Then, by Lemma 3.0.2 and Corollary 3.1, there exist "hi, hi — mi<N such that 



W D f/F(f-*i( z ))W ^ A 2 for ^ 3< mi+i - 



11; 



and so, for any y G / ni (J + (z)) we have, setting F(y) = T y f ni (J(z)), that 
\\Dfji {y) \\ < Xi for < j < m i+1 - n,. 

Hence 

m i+ i-l m i+ i-l 

E ^rv + (*))) < Y.^r ] {J + {*)))+ E ^(rv + W)) 

j=m» i=mi j=ni 

< NK 2 £(r m ^J + (z))) 

mi+i—ni — l 

+ E K 2 i(r m >(j+(z)))\i 

3=0 



< (NK 2 + K 2T -L-y(r m >(J + (z))). 



Therefore 



m i+ i-l 

E^(rv + W)) = E E ^(rv + W)) 

j>0 i j=rrii 



< [NK 2 + K 2T ^Y,^r mi {J + {z))) 

< [NK 2 + K 2 ^—^jK 1 = K z . 



Finally, if the sequence m^s does not exist, the same argument shows that 
Y/{f- j {J + {z))) < (NK 2 + K 2r L-y(J+(z)) 

< (nK 2 + K 2z ^-^JL = K 4 

where L = sup{£(J(z)) : z € B £ (J) n A}. Taking K = max{i^ 3 ,K 4 } we 
conclude the proof of our claim. 

Now, as in Schwartz's proof of the Denjoy theorem ([Sch]), we conclude 
that for all z G B £l (J) n A there exists Ji(z), J + {z) C J\{z) C J(z) such that 
the length of J\(z) — J + {z) is bounded away from zero (independently of z) 
and such that, for some K, 

oo 
n=0 
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In particular, by Lemma 3.5.1, it follows, for any y G Ji(z), that 

IIW/^II-O as n^oo. 

Indeed, for any y,w G Ji(z), 

\\Df~~ l || n-l 



< D f/F(w) n j=0 



Then, for y G J(z), 



and so 



implying that 



Consider 



"^W" ^(z)) 6XP ^ 0K 



E 11^/4,11 s tot*"*"* < 00 



\Df,Z J| — > as n — > oo. 



Bi = (J Mz). 

z<=B E1 (J)nA 

Notice that B\ is a neighborhood of in A. 

To finish the proof of the lemma, take any y G A. If a(y) is a proper subset 
of A, then it is hyperbolic. Thus 

P//7 (j/) ll-o. 

On the other hand, if a(y) = A, then, for some uiq, f~ m °(y) G B±. Thus, 
f-™o( y ) G Ji(/- m °(y)). Therefore 

ll- D //F(/-'»o(i/))ll ~* 

and so 

P//-4)ii-o. 

This completes the proof of the lemma. □ 

An analogous result also holds for central stable manifolds. Thus, there 
exists 71 such that, for all x G A, as n — > oo, 

'(/- B (i*W)) - o 

and 

ww)) - o. 

In the sequel, we shall assume 7 < 71. Now, we have: 



1004 



ENRIQUE R. PUJALS AND MARTi'N SAMBARINO 



Corollary 3.6 
and n > uq, 

and 



3.6. Adapted boxes. We shall assume that A is as in the previous subsec- 
tion so that the results there obtained hold. 

We shall consider also the set A as the set of points which remains in V 
and are asymptotic to A; i.e., 

A = {x £ V : f n {x) G V for n£Z and dist(/ n (x), A) -> as n -»- oo}. 

Notice that A has dominated splitting since it is contained in V. Moreover, 
although A is not compact, the arguments in Lemmas 3.3.2 and 3.5.2 apply, 
and so the central unstable and stable manifolds of points of A are dynamically 
defined. 

Definition 5. Let B e {J) be a box. Recall that for y G B £ { J)nA we defined 
J(y) = W^ u (y) (~l B £ (J). We say that a box B £ (J) is (5-adapted (or adapted 
only) if for every y G B £ (J) n A the following conditions are satisfied: 

1. e(f~ n (J(y))) < 5 for all n > 0; 

2- f~ n {J{y)) n B £ (J) = or f- n (J(y)) C B £ (J) for all n > 0. 

Notice that in the preceding definition the key condition for being adapted 
is the second one. By Lemma 3.3.2, it is enough to take the diameter of the 
box sufficiently small in order to satisfy the first one. 

Lemma 3.6.1. For every nonperiodic point x G A and for every 5 arbi- 
trarily small, there exist 5- adapted boxes. 

Proof. Let £ be a nonperiodic point in A. As above, condition 1) is already 
satisfied if the diameter of the box is very small (in fact we only need the 
"height" of the box to be small). So, we only have to prove condition 2). 

We claim that there exist J, x G J C W™(x), such that f~ n {J) n J = 
for n > 0. Otherwise there exists a sequence n& — ► oo such that f~ Hk (x) G 
W^(x),r rik {x) -» x. Since l{f~ nk {W™{x))) ^ k then, the a-limit set a(x) 
is a periodic orbit, and since f~ nk {x) — > x we conclude that x is a periodic 
point which is a contradiction. This completes the proof of our claim. 

Therefore we can take J as in the claim. We order J in some way and 
denote J + = {y G J : y > x} and J~ = {y G J : y < x}. 



Given e > 0, there exists no suc/i that, for any x G A 
£(/-™(^ 7 c »)) < e 

^(r(^ 7 cs (^))) < e. 
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Let us prove the lemma when x can be approximated by points in A on 
both sides of W^ s (x). For that, consider the set 

A + = {y G J+ : 3z G A, W™(z) n J+ = {y}}. 

In a similar way we define A~ . Let e be any arbitrarily small number 
and let B £ {J) be any box, and consider a sequence eu — > and a sequence of 
suboxes B £k+1 (J) C B £k (J) C ••• C B e (J) such that f]kB £k (J) = J. For any 
fc let C/j/, efc be the connected component of W^(z) n B £k (J) which contains y. 
Now, for y G A + , consider 

/(y, e fc ) = {(z, n) : z G B £k ( J) n A, n > and /" n ( J(z)) n ^ + 0} 

We claim that for some k there exists some y G such that #I{y,£k) 
< oo (and the same for A~). In this case it is not difficult to see that for 
some k' > k we have #I(y,£k') = 0, because otherwise, we could obtain, 
for some n > 0, that f~ n (J) H J ^ 0, contradicting the way we chose J. 
Call this point y + , and call y~ the corresponding point for A~ . Then, taking 
J 1 = (y~,y + ) C J we construct a box B £k ,{J') for x, contained in B £ (J), with 
d cu (B £k ,(J')) = U y - £l U U y + j£ t . Clearly this box satisfies condition 2). 

Now we may prove the claim. Arguing by contradiction, assume that 
#I(y,£k) = oo for every k and for every y G A + or A~ . Without loss of 
generality we can assume that this holds for A + . 

If {n : 3(z, n) G I(y,£k)} is bounded for some (y, £&), then for the same y 
and for every k' > k we have the same bound. But this leads to a contradiction 
because for some k 1 big enough we have either I(y, efe') = or f~ n (J) (~l J / 
for some n > 0. Then, for every y G A + and every /c, the set {n : 3(z, n) G 
I(y,£k)} is unbounded. In particular for every y G A + there are sequences 
z n G B £n (J) (~l A, and m n — ► oo, such that 

r m -(J(z n ))r\U y)£n ^%. 

Notice that l{f~ mn {J{z n ))) — > 0, because otherwise, taking an accumula- 
tion point 2 of z n , we obtain that £(W^ u (z)) does not go to zero, a contradiction. 
In particular, we have that f~ mn {z n ) — > y, implying that y G A. This means 
that C A. If for some y G we have y G Vv^p) for some periodic point 
p G A we will get a contradiction. Indeed, if y G V^ s (p), then U y;£n is contained 
in some fundamental domain of W s (p) for n arbitrarily large. On the other 
hand, since p £ J we can take e no sufficiently small such that the orbit of p 
does not intersect B £riQ . But, for n large, with 

Vn = f- mn (J(Zn))nW s ( P ), 

it follows that f m "(y n ) converges to the orbit of p as n — > oo, and so, since 

f m n{yn) e n (J(Zn))) = J(Zb) c ^(J) c jB£no(J)) 

we conclude that the orbit of p intersects B £no (J), a contradiction. 
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Then, no y € A + belongs to the stable manifold of a periodic point. Take 
some y £ A + and take n, z n and m n such that for every point w € J(z n ) H A we 
have W^ s (f~ mn (w))nJ C J + and consider the following map from A + to itself: 
take a point z € A + , and consider the point w = W^ s (z) D J(z n ); next take 
the point f~ mn (w); the image of the point 2 is the point W^ s (f~ mn (w)) D J. 

Since dist{f j (z),f j (w)) -> and dist(/- J '(z n ), / _J 'H) -» as j -» oo, 
the point u> is in A, Thus, the map is well defined. 

Moreover, it is continuous and monotone as well. Now, since A + is in J, 
this implies that there exists yo € A + which is a fixed point of this map. But 
this means that f~ mn {wo) € W^ s {wq) and since this central stable manifold is 
dynamically defined this implies that u(wo) is a periodic point and the same 
for yo contradicting our assumption. 

Thus, we have completed the proof of the lemma when the point x is 
accumulated by points on both sides of W^ s {x). 

Assume now, that the point x is accumulated by points in A only on one 
side of W^ s (x) (we shall refer to them as boundary points of A). Take a small 
neighborhood U (x) such that in this neighborhood there are points of A only 
on one side of W^ s (x)(say the lower side), and take a small box B £ {J) contained 
in this neighborhood; thus B £ (J + ) n A = 0, where B £ (J + ) is the upper part of 
the box. Moreover, by the previous arguments, we can assume that this box 
is adapted at the bottom, meaning that, for every y E B £ (J) n A, 

r n (j( y ))nd cu >-(B £ (j)) = <b, n>0 

where d cu ~{B £ ( J)) is the central unstable boundary contained in the bottom 
part of the box. 

We shall prove then, that for any arbitrarily small e' < e, the subbox 
B £ /(J) is adapted. Arguing by contradiction, suppose that there exist a se- 
quence e n —> and subboxes B £n (J), n n B £n (J) = J which are not adapted. 
Thus, we have sequences y n 6 B £n {J) n A and m n such that 

f- m "(J(y n ))nd cu > + (B £n (J))^®- 
The sequence m n must be unbounded; otherwise for some n > we have 
f~ n {J) H J 7^ which is contradiction. 

But then, £(f~ mn (J{y n ))) is arbitrarily small when n is large enough (re- 
member that the central manifolds are dynamically defined). Hence, for n 
large enough, f~ mn {J{y n )) is contained in the upper side of the neighborhood. 
Thus, f~ m "(y n ) is also, and it is in A. This is a contradiction to the way we 
chose U(x), proving that for some e' small, the box B £ i( J) is adapted. □ 

Remark 3.7. As a consequence of the proof of the preceding lemma, for 
any nonperiodic point x, small adapted boxes can be taken in such a way that 
the d cu (B £ (J)) is contained in some central stable manifold, unless the point 
x is a boundary point of A. 
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Notice that, if B £ (J) is an adapted box, then any subbox is adapted also. 

Lemma 3.6.2. Let x G A be a boundary point of A. Then, for any small 
adapted box B £ (J) for x, the side of the box which contains point of A (say 
B £ (J~)) is adapted; i.e., for y G B £ (J) n A and n > 0, either 

f- n (J-(y)) c B £ (J~) 

or 

f- n {J-(y))nB £ (J-) = % 

where J~(y) = J{y)^B £ {J~). 

Proof. Let B £ (J) be a small adapted box for x such that B £ (J + ) n A = 0. 
We can assume also that d cu '~(B £ ( J)) is contained in some central stable 
manifold of a point of A (see the proof of the previous lemma). Now, for any 
y G B £ (J)nA, the endpoints of J~(y) are in A. Thus, if B £ (J~) is not adapted, 
then, for some y G 5 £ (J)nAandn > 0, f~ n (J~(y))nW^(x) + 0. Since B £ (J) 
is adapted, f~ n (J(y)) (and so f~ n (J~(y))) is contained in B £ (J). Therefore, 
one of the endpoints of f~ n (J~(y)) is in B £ (J + ). But this point is in A also, 
a contradiction. □ 

Remark 3.8. When x is a boundary point of A, a box adapted for it will 
be as in the preceding lemma, i.e., B £ (J~). Nevertheless, abusing the notation, 
we shall refer to it as B £ (J). Notice that this box can be taken with the central 
unstable boundary contained in central stable manifolds. 

Definition 6. Let B e (J) be an adapted box. A map tp '■ S — > B £ (J), where 
S C B £ (J), is called a return of B £ (J) associated to A if: 

• Sr\A^%. 

• There exists k > such that ip = fjg. 

• tp(S) = f~ k {S) is a connected component of f~ k (B £ (J)) n B £ (J). 

• f-^S) n B £ (J) = for 1 < i < k. 

We will denote the set of returns of B £ (J) associated to A by 1Z(B £ ( J), A). 
Moreover, a return tp G K(B e (J),A) has < £ < 1 if || < £ for all 

y G J(z), z € dom(^) n A, where ip = fJ^ om ^ and where F(y) = T y J(z) = 

TyW^(z). 

Remark 3.9. 1. If ip G 1Z(B £ (J),A) then S = dom(^) is a vertical strip 
in B £ (J) (i.e., a box such that d cu {S) C d cu (B £ {J))). Notice that for every 
z G B £ (J) n A, either J(z) C S or J(z) n 5 = holds. 
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2. If ip : S — > B £ (J) is a return then V'('S') is an adapted box. Moreover, 
if S n d cs {B £ (J)) = then, ip{S) is a horizontal strip, i.e., a box such that 

d cs (ij(S)) C d cs (£ e (J)). 

3. If tpi '■ Si — > B £ (J) and -02 : S 2 — *• B £ (J) are two different returns then 
Si n S 2 = and ^(Si) n v(S 2 ) = 0- 

Definition 7. Let B £ (J) be an adapted box. We say that B £ (J) is well 
adapted if there exist a subbox B £ >{J) and two disjoint vertical strips Si, S2, 
such that 

B e (J)-B e ,(J) = S 1 \JS 2 

where Si,S 2 satisfy either 

a) SiRA = 

or 

b) Si is a domain of a return tpi 6 1Z(B £ (J), A), and ipi(Si) is a horizontal 
strip. 

Lemma 3.6.3. There exist well-adapted boxes of arbitrarily small diameter. 

Proof. Let B £ (J) be an arbitrarily small adapted box. Observe that for 
any e' < e we have that the subbox B £ /(J) is also an adapted box. Thus, 
we only have to prove that for some e' < e, B £ i{J) is well-adapted. We shall 
divide the proof in two cases: 

Case 1. Assume that for any e' < e the subbox B £ /(J) satisfies: 

£ £ ,(J) + (J |J(z) : z G C1CMJ)) n A}. 

In particular, this is true either for the right part of the box or for the left one. 
Without loss of generality, we may suppose that this is true for the right; i.e., 
for any e' < e, 

B+(J)/[J{^) : ^Cl(5+(J))nA}. 

In particular, this holds for e' = e. Then, there exists some w € W £ s,+ (x) = 
{y € W £ s (x) : y > x} such that w ^ J(z) for every z € Bf(J) flA. If for every 
z G C1(B+(J)) n A we have that the point w z = J(z) n W £ s ' + (x) is at the left 
of w. Then there exists a vertical strip S = S2 at the right of B £ (J) such that 
S n A = 0. On the other hand, if there exists z G C1(B+(J)) n A such that 
the point u) z is at the right of w, then we consider wo = infju^ : w z > w}. It 
follows that wo > w and then it is easy to construct a vertical strip S C Bf( J) 
such that S n A = 0. Then it is possible to reduce the box B £ (J) having S at 
the right boundary (for simplicity, call this new box B £ {J)). 
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We claim now that the same holds for the left part, i.e. 

B-(J)^\J{J(z):zeC\(B-(J))nA}. 

Suppose this is not the case. Then 

B-(J) = \J{J(z):zeC\(B-(J))nA}. 

If there is only one return ip G H(B e (J),A) such that dom(^) n B~(J) / 
(the set of such returns is nonempty by the transitivity of A), it follows that 
B~{J) C dom(^). Moreover, ip{B~{J)) C B~(J), because otherwise, it con- 
tradicts our assumption on the right part of the box. But then, since we may 
assume that f~ n (J) n J = for n > 0, Cl(ip(B~ (J))) n J = 0. Hence, no point 
y G B~(J) n A ever passes through B~(J) - Cl(if>(B~(J))). This contradicts 
the transitivity of A. Therefore, there is more than one return ip such that 
dom(^) n B~( J) ^ 0. We see easily, applying the same arguments, that it 
should be more than two. Thus, there exists a return ip G 1Z(B e (J)), such that 
dom(^) C B~(J) and Image(^) = B^ is a horizontal strip. Then, 

B^ = \J{J i ,(z):zeCl(B^)nA}. 

Since B^ is a full horizontal strip, we also conclude that 

B e (J) = \J{J(z):zeCl(B £ (J))nA}, 

and so the same holds for the right part of B+(J), which is a contradiction, 
proving our claim. 

Now, we could repeat the argument used for the left part of the box as 
we did for the right one, and after reducing the box, we could also construct a 
well-adapted box. 

Case 2. Assume now that 

B £ (J) = \J{J(z) :z G Cl(B e (J)) n A}. 

We may take (reducing the box if necessary) a return tpi such that S\ = 
dom(^i) n B~(J) / 0, Y>i(Si) is a horizontal strip and a return ^2 such that 
5*2 = dom(V'2) ^B^(J) 7^ and 1^2(82) is a horizontal strip (we can take these 
returns to be different). We say that the (i = 1, 2) preserves or reverses the 
orientation when the map 

P l :S t nW^ s (x)^W £ cs (x), 

defined by P(w) = J(ipi(z w )) !~l W £ s (x) where w G J(z w ), preserves or reverses 
the orientation of W £ s (x). 

Assume that Pi and P2 preserve the orientation. Then, take w\ a fixed 
point under P\ and W2 a fixed point under P2. Then, cutting the box at J(z wi ) 
and at J(z W2 ), the new box is well-adapted as we wished. 
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Suppose now that one preserves the orientation (say Pi) and the other 
does not. Then, take w\ a fixed point under Pi and u>2 satisfying w\ = P2(if2)- 
Again, cutting the box at J(z wi ) and at J(z W2 ), we construct a well-adapted 
box. 

Finally, if both reverse the orientation, take w\ and W2 such that P\(w\) 
= W2 and P2{w2) = w\. With the same procedure as before, we conclude the 
proof of the lemma. □ 

3.7. Proof of the Main Lemma. In this section we shall assume that A = 
A as in the statement of the Main Lemma; i.e., A is a nontrivial transitive set 
such that every proper compact invariant subset is hyperbolic and it is not a 
periodic simple curve normally hyperbolic conjugated to an irrational rotation. 

We shall prove that for every x G A, \\P>fJp^\\ — ► and ll-D/^^ll — > 
as n — > oo, but we shall only show \\DfJp^\\ — * 0, the other being similar 
when / is replaced by 

Lemma 3.7.1. Let B £ (J) be an adapted box. There exists K\ = Ki(B £ (J)) 
such that if z G B e (J) D A and f~ l {z) £ B £ (J), 1 < i < n then 

Erw))<^i. 

Proof. Let Ai be the maximal invariant subset of A outside of B £ (J); i.e., 
Ai= H f n (A-B £ (J)). 

neZ 

If Ai = 0, then there exists N such that for every z G B £ {J) D A there 
exists m, 1 < m < N such that f~ m (z) G B £ (J). This implies (for z taken 
according to a hypothesis of the lemma) that 

n 

< iVdiam(M) 

i=0 

and so it is enough to take K\ = A^diam(M). 

Assume now that Ai ^ 0. Since Ai is a proper compact invariant subset 
of A, it is hyperbolic. Then there exist < a < 1 and n\ such that for y G Ai 
we have < a n , for all n > n±. There exist a\, a < u\ < 1, and U a 

small neighborhood of Ai such that if y G U(~) A and / _J (y) G U for < j < n, 
where n>n\ then 

\\ D 0(y)W < °i' ni<j< n. 

Consider now a < o\ < 02 < C3 < 1 and 5\ such that (1 + 8\)a2 < 0-3 
and take Ni > max{A^(cJi, (T2), n{\ where N{a\,G2) is as in Lemma 3.0.2. We 
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conclude that if y G Uf] A and / G U, < j < n, n > N\ then there exists 
mo < N\ such that 

\\Dfj^ {rm 0(y)) || < cr^ < j < n - m . 
H-C/ -1 II 

Also take (52 with the property / _ F 1 (3:) < 1 + 5\ if dist(x, y) < (52, and ei 

ll^/ /F(y) ll 

such that /- n (W™(x)) C Wg*(/- n (s)) for all n > (see Lemma 3.3.2). 

Considering all these facts together, we have, for a point y with the prop- 
erty mentioned above, that 

\\Dfjj> {z) \\ < 4 for all z G W™(f- m »(y)), < j < n - m . 

And so 

E ^(/^W £ ?(r mo (2/))))< E *:r m "W)) < i diam(M). 

Since Ai is the maximal invariant subset of A in the complement of B £ (J), 
there exists mi such that for every n > mi, 

H f(A-B £ (J))cC/. 

Ul<n 

We can assume that mi > Ni. By Corollary 3.6 there exists m 2 such that 
if n > m 2 then, f- n (J(z)) C W~(/~ n Cs))- Take A" = max{m 2 + 2AT 1 ,2mi} 
and define ATi = (AT + j^-)diam(M). We will show that this Ki satisfies the 
conclusion of the lemma. 

For this, let z € B £ (J) n A and assume that f~^(z) ^ -B £ (J) for 1 < j < n. 
There are two possibilities: 

• If n < AT, then £™=o J{z))) < NS < K x . 

• If n > N, then there exists n{z) < m 2 + N\ such that 

r n(z \j(z)) c w™(r n(z) {z)) 

and 

P//F(/-»(.) W )H ^< < j < n — n(z). 

Finally 

n n(z) n-n(z) 

E*(rV(*))) = E^(/" J ( J W))+ E ^(r j (r n(2) (^)))) 

j=0 j=0 j=0 

< Ndiam(M) + diam(M) < K x 

1 - cr 3 

and the proof of the lemma is finished. □ 
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Now, as a consequence of the proof of the preceding lemma, we have the 
following: 

Corollary 3.7. Let B £ (J) be an adapted box and < a < 1. Then 
there exists K\ = Ki(B £ (J),a) such that if z € B £ (J)nA and f~ l (z) ^ B £ (J), 
1 < i < n then 

Remark 3.10. In the proof of the last lemma we did not use the fact that 
the box is adapted. In particular we have similar estimates for the central 
stable manifolds. This means that there exists K\ such that if z € B £ (J) n A 
and P(z) £ B £ (J) for 1 < j < n then 

n 

(T(z)))°<K u 

3=0 

where T(z) = W™{z) n B £ {J). 

Furthermore, if we take a C 1 vector field in B £ (J) as we did in Section 3.4 
close enough to the -E-direction, then it is possible to prove, using the same 
arguments as in the preceding lemma, that if we take a return ip and push the 
foliation generated by this vector field under ijj and call it T^, 

k 
j=0 

for some K2 where tp = f~ k . 

In particular, taking into account Lemma 3.4.1, the following is true. 

Corollary 3.8. Let B £ (J) be an adapted box. Then, there exists C\ 
such that for every return ip G 1Z{B £ ( J), A), the adapted box Image(V0 has 
distortion C\. 

Lemma 3.7.2. Let B £ (J) be an adapted box and assume that for every 
return ip € TZ(B £ (J), A), \ip'\ < £ < 1 for some £. Then for all y € B £ (J) (~l A 
the following holds: 

E'(/" B (^)))<o°- 

n>0 

This implies that 
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Proof. Let y be as in the hypothesis of the lemma, and let < n\ < ri2 < 
■ ■ ■ < rii < ■ ■ • be the set of n's such that f~ Hi (y) G B e (J). For every i, there 
exists ipi G 1Z(B £ (J),A) such that = /?g~ ni_1 where Si = dom(^j), and 

/~" <_1 (y) G s i- Put rrii = ni- nj_i. 

Let i£i be as in the previous lemma. Then, for every i, 

m»-l 

E ^(/-"(J(r n< - i (y))))<^i • 

n=0 

By Lemma 3.5.1, for < n < nii and for all z, w G J(f~ ni ~ l (y)) we get 

that 

||n /-n ( ) n < exp(Ko^i). 
Define K2 = exp(KoKi). F° r every interval L C J{f~ ni ~ 1 {y)) 

t(f- n (L)) l{r n (J(r n ^{y)))) 
t(L) - 2 £(J(f- n ^(y))) 

holds, and then 

mi— 1 f(T\K m i _1 

* W^S £(rn(J(/ ^" 1(y)))) 

l(L)if 2 

- ^(J(/-^-i(y))) 
Setting K 3 = K 2j FCi and L = f'^iJiy))) we conclude 

Since Z"" 1 - 1 = o ■ • • o \\ < f -1 for all z G J(y). This 

implies tir^iJiv))) < C^KHv)) and also 

^ I f(/""(/- ni - 1 (^)))) < ^f" 1 aJ(//)) 



£(J(/-»'-i(l/)))' 



Moreover, there exists C = C{B £ {J)) such that ^jj^ < C for all z, 
w G B £ ( J) n A. We conclude then 

mj— 1 

E ^/""(P-'tJd/))))^ wr 1 . 

n=0 

Finally, setting JT = max-fifi, K3C} we get 

00 mrl 00 

E^(r n o%))) = E E ^(r"(r ni - i («/(y))))<E^ 1 = ^< TO - 

n>0 i=l n=0 i=l 
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If the sequence of n^s is finite or empty we can also conclude that 
^^(r n (J(y)))<^ + K 1 <oo. 

n>0 

In particular, as in Lemma 3.5.2, for all z,w G J(y), 
\\Df~- || 

11 J /F(w)" 3=0 

Then for z G J(y), 

I'^W^ £(J(y)) e * pK ° K 

and so 

Now, taking y = z in the above inequality we have 

oo 

E II a/74) II <00 ' 

implying that 



'/F(„)l 
n=0 



PZ/F^II * as 72 > OO, 
concluding the proof of the lemma. □ 

In Lemma 3.7.1 we showed that there exists a bound of the sum of the 
length of the iterates of the central unstable intervals of an adapted box until 
they return to the box. However, this bound depends on the adapted box. We 
will show now that we can obtain a uniform bound for adapted boxes which 
are images of returns of the original one. 

Lemma 3.7.3. Let B £ (J) be a well-adapted box. There exists K = 
K(B £ (J)) with the following property: for every -ip € 1Z(B £ ( J), A) and z € 
B^p = Image(V>) (denoting J^,(z) = J(z) PI B^) 

n 

E*(rw*)))<* 

3=0 

whenever f~-*(z) £ B^, 1 < j < n. 

Proof. Since B e (J) is a well adapted box, there exist a subbox B £ >(J) and 
two disjoint vertical strip S±, S2 such that B e (J) — B e i(J) = S\ U S2 and Si is 
either a domain of a return or Si D A = 0. 

Notice that there exists E\ such that if y G B e /(J) n A (i.e., y S\ U S2), 
then W£(y) C B £ (J). 
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Let ip G U(B £ (J),A) and z G = Image (ip) such that f~ j (z) £ B^, 1 < 
j < n. Let C\ be as in Corollary 3.8 and C2 as in Corollary 3.5 (corresponding 
to C 2 = Ci). 

Let < n\ < ii2 < ■ ■ ■ < rik < n be the set {0 < j < n : f~ J (z) G 
B e (J)}. For every rij we have associated a return ipi G 1Z(B £ (J), A) such that 
/~ n< (z) G B^, i.e., = ^(Z - ^- 1 ^))- Define B(m) as the horizontal 

strip in determined by f~ ni (J^,(z)), that is, the connected component of 
f~ ni (B^,) n B^p . which contains f~ ni (z). 

It follows that, for i 7^ j, we have B(ni)nB(rij) = 0. Otherwise, if for some 
j > % we have £>(nj) n B(rij) ^ 0, then there exist n& such that n& = rij — rii 
and also B(rik) DB^ ^ $. Since B^ is adapted we conclude that f~ rik (z) G 
which is a contradiction because n& < n. 

As in the proof of Lemma 3.5.2, consider (if it exists) the sequence = 
mo < mi < TO2 < • • • < mi < n such that 

\\ D f}E(f™i(z))W < A i < i < m u for alU = 1,... ,1. 
We claim that there exists C4 = C±{B e {J)) such that 

E*(/""*W*)))<<?4. 

i=0 

To prove the claim, assume first that z ^ Si U S2. Set £2 = £3 = ?f • 
For any point y G A consider a box (not necessarily adapted) S £3 (VF^ n (y)). 
Since A is compact we can cover A by a finite number of such boxes. We will 
denote these by B u ... , B r . Set C 3 = £fc=i £(W^(y fc ))- 

For 1 < i < /, 

Thus, for z / j, 

B ea (/-^(J^(z))) n B ea (f- m '(J^z))) = 0. 

Otherwise, f-( m j~ m ^(z) g which is a contradiction since mj — mi < n, 
or which would contradict the fact that -B^, is an adapted box as well. Since 
Bi, . . . , B r covers A, the f~ mi (z) belong to some of these boxes, say B^ (if 
it belongs to more than one we choose one in an arbitrary way). Let J mi = 
B £2 (f- m i(J f (z))) n W^{y k ). From Corollary 3.5, for every i, 

Moreover, by the fact that 

n(B £2 (r m *(j^z))))cB^ 

we conclude 

Jrr H □ J mj = 0. 
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Hence 

Y,i(r nH {Mz))) <Y,c 2 i(j mi ) < c 2 c 3 . 

i=0 i=0 

Assume now that zeSjU S 2 . Let io = min{i : f~ 1H (z) £ Si U S 2 }, and 
let jo = min{j : rrij > rii }. As before we can conclude that 

j2t(r mj (Mz)))<c 2 c 3 . 

3=30 

Fix some z 1 € SiilA and z 2 G S 2 C\A. Take i < i - Then f~ n% {z) € SiUS 2 . 
Now assume that it is in S\. Then, for every mj such that rij < rrij < rtj+i, 
consider the box £ m . = f-^- n ^ (B(n t )), and J m . = B mj D f-( m ^\j( Zl )). 

We have that B mj has distortion C2 and B mj n -B mfe = for every < 
rrij,mk < rii . Thus J mj n J„ Lk = 0. Therefore 

jo-i j'0-1 

i=o j=o 
where i^i is as in Lemma 3.7.1. Set C4 = C 2 C% + 2C 2 K\. Then, 

j:£(f- m >(Mz)))<c 4 , 
3=0 

and the claim is proved. 

Finally, the proof of the lemma follows by the same arguments as in the 
proof of Lemma 3.5.2. □ 

We shall divide the proof of the Main Lemma into two cases: one, when 
A is not a minimal set, and the other when it is. Remember that a compact 
invariant set is minimal if it has no properly compact invariant subset, or 
equivalently, if any orbit is dense. 

3.7.1. Case: A is not a minimal set. 

Lemma 3.7.4. Let B £ (J) be a well-adapted box such that #1Z(B £ (J),A) 
= 00. Then there exists a return ipo € 7Z(B £ (J), A) such that the adapted 
box B^ Q = Image(V'o) satisfies the conditions of Lemma 3.7.2; i.e., for every 
il> € TZ{B^,A), W\<\ holds. 

Proof. Let B e (J) be a well adapted box as in the hypothesis of the lemma, 
and let K\,K, C\ be as in Lemmas 3.7.1, 3.7.3 and Corollary 3.8 respectively. 
Consider also L = mm{£(J(z)) : z £ B £ (J) Pi A}. 

Let r > be such that 

r ^exp(K ifi + K K) < 
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Since #TZ(B £ { J), A) = oo, there exists ipo G TZ(B e (J),A) such that 

e(f~ 3 '(J^o(z))) < r, for all j > 0, for all z G n A. 

Let fco be such that ipo = fTg°, where So = dom(V'o)- 

Let us prove that the box B^ satisfies the thesis of the lemma. Observe 
that if z G S n A, then for y G J(z) 

||nf -feo „ „ £(f- k °(J(z))) 

\\Df /H J < exp(^o^i). 

Let now ip G TZ(B^ , A) , tp = fj£ = dom(^). Setting no = k — ko 
(k > ko), we have f- n °{S^) C So- 
Then, for y G J^ (z), z G dom(^), 

= ^ W^ff" wF^r w + KaK) 

< rd^-expiKoKi + K K) < ^. 

The proof is finished. □ 

Now, we can prove the Main Lemma when A is not a minimal set. We 
have to show that 

for every point z G A. 

Since A is not a minimal set, there exists a point x G A such that x ^ 
lo(x). Take now a small well-adapted box B £ (J) associated to x such that 
B £ (J) fl {f n (x) : n > 1} = 0. Then, since A is transitive, we conclude that for 
this adapted box, 

#K(B e {J),A) = oo 

(notice that if the point x is a boundary point of A the same conclusion holds). 
Now, by the previous lemma, there exists an adapted box Bq such that satisfies 
the conditions of Lemma 3.7.2. This implies in particular that for every y G 
-Bo n A, 
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Let z be any point in A. There are two possibilities: 

» The a- limit set a(z) is properly contained in A. Then, a(z) is a hyper- 
bolic set; thus 

W D f/F(z)W ^n->oo 0. 

» a(z) = A. Then, there exists tuq such that f~ m "(z) G Bq, implying that 

ll-^^/F(/- m o(z))H ^«->oo 



and so 

n ' /*"(*) 

This completes the proof of the Main Lemma in case A is not a minimal set. 



3.7.2. Case: A is a minimal set. We begin by remarking that we cannot 
expect to use the same argument here as in the preceding case, due to the fact 
that if A is a minimal set, then for every adapted box, the set of returns of 
this box is always finite. Nevertheless we shall exploit the fact that when A is 
a minimal set there exist "boundary points." 

Lemma 3.7.5. Assume A is minimal set. Then, there exists an arbitrarily 
small adapted box B £ (J) such that B £ (J + ) n A = or B e {J~) n A = 0. 

Proof. From Lemma 3.3.2 we get that, since A is a minimal set, the center 
unstable and stable manifolds are dynamically defined. 
Let B £ {J) be any small adapted box. We claim that 

(J J(z)^B £ (J) 

z€B s (J)r\A 

and this happens on both sides of the box. 
Arguing by contradiction, assume that 

B?(J)= (J J(z). 

zeB e (j)nA 

Since A is a minimal set, there exists some n > sufficiently large such that 
f n (W™(x)) C B+(J) (x G J). We can define a map 

P : W^ + (x) -> W^ + (x) 

in the following way: if y G W £ s,+ (x), then f n (y) G f n (W £ s,+ (x)). Now there 
exists a point z G Bf{J) n A such that f n (y) G J{z). Let 

P( y ) = W^ s ' + {x)r\J{z). 

It is not difficult to see that the map P is continuous, and we conclude that 
there exists a fixed point yo for this map. This means that there exists a 
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point zq G Bf(J) n A such that yo G J(zo) and f n (yo) G J(zq). Since J(-Zo) C 
W^ u {zq) and this central unstable manifold is dynamically defined, we conclude 
that a(zo) is a periodic orbit, which is a contradiction to the fact that A is a 
minimal set, which completes the proof of our claim. 

Thus, as in Lemma 3.6.3, case 1, we can construct a well-adapted box 
B £l {J) such that B e ,(J) = S-y U B £ »(J) U S 2 with Si n A = 0. 

With the same reasoning, it can be proved that 

B £ ,(j)^ (J kwns^J)). 

Then, there exists xq G B £ >(J) n A such that there is no point of A on one side 
of W™(x ). 

Finally, every small adapted box to this point xq satisfies the conclusion 
of the lemma. □ 

Lemma 3.7.6. Let B £ (J) be a well-adapted box such that B £ (J + )f~)A = 0. 
Then B £ (J + ) is an "adapted box"; i.e., for all y G B £ (J) n A, 

f- n (J + (y)) n B £ (J+) = or r n (J + (y)) C B £ {J + ) 

where J + (y) = J(y) H B £ (J + ). Moreover, there exists K\ such that if y G 
B £ {J) n A and f~ j (J + (y)) n S £ (J+) = 0, 1 < j < n, then 

n 

Y,^r 3 (j + {y)))<K l . 

3=0 



Proof. Assume that, for some y G B e (J) n A and n > 0, f~ n (J + (y)) n 
B £ (J + ) ^ holds. As B £ (J) is an adapted box we conclude that f~ n (J(y)) C 
B £ (J). Moreover, there is a finite sequence of returns V« £ Tt{B £ {J), A), 
i = 1, . . . , fc, such that f~ n (J(y)) = ip k o ■ ■ ■ o ^i(J(y)). If r n {J + {y)) is not 
contained in B £ (J+), then f~ n (J + {y)) n W £ cs (x) ^ 0. In particular, W £ cs (x) C 
Image(^fc). Hence, / n (W e cs (a;) n J + (y) / and /"(W £ cs (x)) C dom(V>i) C 
B £ {J). Therefore f n {W £ s {x) C B £ (J + ) and so does f n (x). Since x G A this is 
a contradiction, and completes the proof of the first part. 

The existence of K\ can be proved with the same arguments used in the 
proof of Lemma 3.7.3. □ 

Lemma 3.7.7. Let B £ (J) be a well-adapted box such that B £ (J + )f~)A = 0. 
Then there exists K such that for every y G B £ (J) !~l A, 

^(r J (J + (y)))<K. 

j>0 
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In particular there exists Ji(y), J + {y) C J\{y) C J(y) such that the length of 
J\(y) — J + (y) is bounded away from zero (independently of y) and such that 

oo 

J2^r n (My)))<oc. 

n=0 

Proof. First, we shall define returns of B £ (J + ) as we did for adapted boxes. 
Let S be a vertical strip and define S + = S nB £ (J + ). A map ip : S + — > B £ (J + ) 
is called a return of B £ (J + ) associated to A if: 

• SD A + 0; 

• there exists k > such that ip = fJg+\ 

• ^(S + ) = f- k {S+) is a connected component of f- k {B £ {J+)) n B £ (J+); 

• f~ i (S + ) n B £ {J+) = for 1 < i < k. 

If TZ(B £ (J + )), the set of returns of B £ (J + ), is empty, by the preced- 
ing lemma, we conclude the proof. Assume that 7Z(B £ (J + )) ^ 0, and let 
ip : S + — > B £ (J + ) be a return, = Let B^ = Image(^). 

We claim that C\(B^) n W e cs (a;) = 0. Otherwise, the image of the segment 
s = Sr\W £ s (x) under f~ k is contained in W £ s (x). This means in particular that 
there exists a point y G W £ s (x) such that f k (y) G W £ cs (x). Since W^x) is in 
fact a stable manifold, we conclude that ui(x) is a periodic point, contradicting 
the fact that A is a minimal set. This completes the proof of our claim. 

If the #1Z(B £ (J + )) is finite, there exists N such that for every y G 
B £ {J) n A and n > N 

f- n {J(y))C\B £ {J + ) = %. 

To prove this, observe that, by the claim, there exists r > such that 

dist(VF e cs (x), Image > r, for all ij> G K(B £ (J + )). 

Since the central unstable manifolds are in fact unstable manifolds, there exists 
N such that for every y G B £ (J) PI A and n > N we have 

^(r n (J(y))) < r. 

Thus, if f~ n (J(y)) D B £ (J + ) / for some n > N then we get a contra- 
diction. Indeed, if this happens, there exists a return V G 1Z(B £ (J + )) such 
that f~ n (J(y)) n Image(V') 7^ 0, and so, by our definition of r, we conclude 
that f- n (J(y)) C £ £ (J+) implying that /~ n (y) G £ £ (J+) D A = 0, which is 
impossible. 

Let n = max{n > : f' n (J(y)) n S £ (J+) / 0}. Thus, n < N and, 
since f~ n °(J + {y)) C J + (f~ no (y)), we conclude that 

f- j (J + (r n °(y))) n S £ (J+) = 0, for all j > 1 
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and so, by the previous lemma, 

j>0 

Therefore 

^£(r j (J + (y))) < iVdiam(M) + K x = K. 

j>o 

Finally, assuming that #1Z(B £ (J + )) is infinite, take r > such that 

r 1 
-exp(^o^i) < j 

where L = min{£(J + (y)) : y E B £ (J) n A}. Applying the same argument 
as before, we can conclude that there exists only a finite number of returns 
ipi,ip2, ■ ■ ■ such that Image(V>i) is not contained in a box B £ (J') of x with 
"vertical size" at most r. In particular for every other return ip, Image(V>) c 

Be(J'), 

< £exp(K ifi) < i. 

Thus, as in the proof of Lemma 3.7.2, there exists K such that if for some 
z £ B £ (J) n A we have that 

r"(J+(z))ndom(^)=0, i=l,...,l, 

then 

j>o 

On the other hand, as above, there exists A" such that for every y E 
B £ {J) n A and n > N 

f- n (J + (y))ndom(^) = (D,i = l,...,l. 

Take any y <G B £ (J)C\A. Consider, if it exists, mo = min{n > A" : /~ n (J + (y))n 
B £ (J+) + 0} and let z = f~ m °(y). 
Hence, 

J2 e (f~ j (J + (y))) < A^diam(M) + K x + K = K < oo. 

i>o 

In particular, as in Schwartz's proof of the Denjoy theorem, we conclude 
that for all y € B £ (J) n A there exist Ji(y), J + {y) C Ji(y) C J(y) such that 
the length of J\{y) — J + {y) is bounded away from zero (independently of y) 
and such that 

oo 

5>(r%/i(y)))<oo 

n=0 

and the proof of the lemma is finished. □ 
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Now, we can prove the Main Lemma when A is a minimal set. We shall 
proceed as in the proof of Lemma 3.5.2. Using the notation of the preceding 
lemma, take 

b= IJ J i(y)- 

y eB e (j)nA 

Notice that B is an open set of A, and for every y € B n A (i.e. y € J±(y)), we 
have 

oo 

E^" ri ( J i(y)))<°° 

n=0 

and so 

Let z be any point in A. Since A is a minimal set there exist mo = mo(z) 
such that f- mi, (z) € B and so 

\\Df /F(f- m o(z)) II ^"-^o ^' 

implying that 

ll"^^/F(«)ll 0. 

This completes the proof of the Main Lemma. □ 
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